J. Phys. A: Math, Gen. 28 (1995) 7027-7038. Printed in the UK

First-passage time, survival probability and propagator on
deterministic fractals

S Bravo Yuste )
Departamento de Fisica, Universidad de Extremadura, 06071 Badajoz, Speain

Received 2 August 1995

Abstract. The first-passage time density, ¥ (r, t) (defined as the probability density for the
time spent by a random walker to travel (for the first time) the distance r that separates the
starting site from its nearest neighbours), and the survival probability S(r, 1) (i.e. the probability
that a random walker who starts at a site has not been absorbed by traps located on its
nearest neighbours at distance r in the time interval (G, ¢)), were calculated for the class of
deterministic fractals in which sites are isolated from the rest of the lattice by their nearest,
neighbours. The large & = r/(~/2ZDt"/#) asymptotic expressions for these guantities are
Yir,r) & A" e exp(—CEY) and Al 1) = 1 = §(r, 1) = (A/CHdy ~ DE™Z exp(—CEY)
with v =4, /{dw — 1), A and C being characteristic constants for each fractal. The asymptotic
expression for 8(r. 1) is used to justify that, for this class of deterministic fractals, the propagator
or Green function is given asymptotically by P(r. 1) ~ t~%/2£% exp(—C§"} for large &. with
o =v/2 =dr, This value of o differs from others proposed recently.

1. Introduction

Transport in disordered systems displays many qualitatively different properties with respect
to transport in uniform systems [2, 3]. For example, such systems exhibit anomalous
diffusion which is usually [1] manifested in the behaviour of the mean-square displacement
of a random walker:

(r?.) P 2Dt2'{dw (1-1)
where d, > 2 is the anomalous diffusion exponent and I’ is the diffusion coefficient.
Because fractal structures also show these anomalous properties, they have been regarded
as models for geometrically disordered systems.

The key property of fractal structures is their dilation symmetry (self-similarity) which
allows, in some cases, one to find analytic results by means of renormalization schemes.
For example, the anomalous diffusion exponent [3] or the first-passage time to a nearest
neighbour [4, 5] may be obtained in this way. Some other analytic results concerning
the function P(r,s) = rér—4P(r, 1), defined as the (configurational averaged) probability
density to find the random walker at time # at a distance r from its starting point, are known.
The constant d; is the fractal dimension and 4 is the dimension of the Euclidean space in
which the fractal is embedded. Both P and P are called the propagator or Green function
of the diffusion. From the definition of P, one has that r¥~4P(r, ) dr is the probability
of finding the random walker in the volume d“r at distance  from its starting point, and
thus

r’y = [ ré =2 pir, ndir (1.2)
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For loopless fractals (such as self-avoiding walks) and for the infinite percolation cluster at
criticality, the propagator has the form of a stretched Gaussian [3]

P(r, ) ~ %2 exp(—&fﬁ) (1.3)
for £ >» 1, where

r
L S— 1.4
= (1.4)
Here d; = 2ds/d,, is the spectral dimension, ¢ is a constant and
dy
b=v= . 1.5
Y d -1 (1)

The propagator given by (1.3) is also expected for fractals with loops, but the value
of ¥ for fractals has been a subject of controversy [3]. Guyer [6], by means of numerical
renormalization in the Laplace space, and Van den Broeck, by analytical renormalization
on fitst-passage times, have shown that ¥ = v for the Sierpinsky gasket in two dimensions.
Also, Klafier ¢t af [7) have found that this value is in agreement with numerical results
for 4-dimensional Sierpinsky gaskets. To the best of my knowledge, these are the only
deterministic fractals with loops for which the propagator of (1.3), with ¥ given by (1.5),
has been justified. Surprisingly, in spite of this weak support, equation (1.3) together with
(1.3) 1s usually accepted to be of general validity for all kinds of fractals! In this paper I shall
add reasons to maintain this belief by giving arguments to support that P(r, t) is described
by (1.3) and (1.5), not only for Sierpinsky gaskets, but for a whole class of determinjstic
fractals (to which the d-dimensional Sierpinsky gasket belongs). These fractals are those in
which sites are isolated from the rest of the lattice by their nearest neighbours of the same
generation (a detailed description of this class of fractals is given in section 2). Examples
are the d-dimensional Sierpinsky gasket, the Given—Mandelbrot curve [8], the Cayley tree,
the hierarchical percolation model, or the Mandelbrot—Viseck curve [9]. Furthermore, 1
claim that the propagator for all of these fractals is more precisely described by adding a
potential factor to {1.3), i.e.

P(r, 1) ~ t~5/25% exp (—cE™) (1.6)
with
ﬂl=v/2—df. (1.7n

Expressions of the form (1.6) have been conjectured for any fractal in [10-~12], but with
different values for . There, P(r,t) is found as the solution of a fractional diffusion
equation and several expressions for ¢ are postulated on an empirical basis or from
arguments of plausibility. The most recent proposal, due to Roman and Alemany [12],
is @ = ara = (ds —dy)v/2. This proposal has recently received additional support from
Roman in [13], in which random fractals were studied analytically and numerically. Based
on an entirely different approach and on numerical results for d-dimensional Sierpinsky
gaskets, Klafter et al [7] have proposed « = exzg = (df — dy/2)/{dy — 1).

In section 2, I calculate, following the procedure of van den Broeck [4, 5] and for those
fractals with sites isolated by nearest neighbours, the probability density for the time spent
by a random walker, initially on a site of the fractal lattice, to arrive for the first time at any
of its nearest neighbours of the same generation, i.e. the first-passage-time (or waiting-time)
density v (r}. Next, this quantity is reinterpreted as the probability density for the time spent
by the random walker to travel, for the first time, the distance r that separates the starting
site from its nearest neighbours. This shall be written as ¥(r.t) in order to emphasize
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this interpretation. In this section it is proved that the first-passage-time density is given
asymptotically by w(r, t) & AEY/2¥% exp(—CE") for large & = r/(~/2Dt"/%). Here A and
C are characteristic constants for each fractal. I provide their values for some significative
cases below. Next, ¥(r,t) is used to calculate the survival probability, 5S¢, t), ie. the
probability that a random walker who starts at a site has not been absorbed by traps located
on its nearest neighbours at a distance r in the time interval (0, ). This is a fundamental
quantity in the study of the so-called “trapping problem’ [14, ch 5] where it is required either
directly, when the traps are placed at a fixed distance [15], or as a prior known magnitude
when traps are randomly placed [16, 17]. Examples of this last case appear in the study
of diffusion-limited reactions in fractal structures {18, and references therein] where, as is
well known, the reaction kinetics is non-classical.

In section 3, it is argued that the functional form of P(r, t), for large §, can be deduced
from the functional form of S(r, ) assuming, that S(r,£) ~ f; P(x, )x¥~!dx when ¢ is
small and r is large (i.e. large £). The expression for P(r,¢) so ‘derived’ is a stretched
Gaussian corrected by a power-law factor whose expoment is given by v/2 — dy (see
equation (1.6)). I think is worth noticing that the approach for this ‘derivation’, which
goes through the concepts of first-passage time and survival probability, is, to the best
of my knowledge, completely new. Finally, the results are summarized and discussed in
section 4.

2. First-passage time and survival probability

As is well known, an easy way of generating deterministic fractals is by means of an iterative
procedure that uses an ‘initiator’ and a ‘generator” [8]. For example, we can generate a two-
dimensional Sierpinsky fractal by means of a triangle as initiator and a generator formed
by three triangles joined at their vertex. At each iteration (generation), every triangle equal
{except for its size) to the initiator is replaced by the generator. Figure 1 shows a triangle
of the nth generation and its internal triangles comesponding to the (n -~ 1)th and (n 4- 2)th
generation. Of course, the fractal may be generated in the ‘opposite direction’. One starts
from the initiator (the zeroth triangle) and, at each iteration. the (n+ I)th triangle is formed
by means of the nth triangles (disposed in the same way that the zeroth triangles were
arranged to form the generator (the first triangle)). I will call the zeroth decimated fractal
or, simply, original lattice, the lattice formed by initiators, and the nth decimated fractal
the lattice formed by the ath figores (triangles in our example). The (n + )th decimated
lattice is the decimated lattice of the nth decimated fractal.

For our purposes, we will see these geometrical constructions as lattices formed by
connections (the sides of the triangles in our example) and sites (the points of bifurcations).
The random walker goes (jumps) from a site to one of its nearest neighbours after a (waiting)
time which is a random variable. It shall be assumed in this paper that the mean waiting
time between jumps is finite. A property of the d-dimensional Sierpinsky lattice, shared
by many other fractals (Given—Mandelbrot curve, Cayley tree, Mandelbrot—Viseck curve,
hierarchical percolation model, ...), is that it is not possible to go from a site (say, O in
figure 1) to a non-nearest neighbour on the (n - 2)th decimated lattice (the site A, for
example) via the connections of the ( -+ 1)th decimated lattice without previously passing
through its nearest neighbours on the (n + 2)th decimated lattice (sites 1, 2, 3 and 4). It
will be said that sites are isolated by their nearest neighbours in these fractals.

The first-passage-time (FPT) density ¢ (#) of a fractal is, by definition, the probability
that a diffusing particle starting at a site reaches, for the first time, at time ¢ any of its



7030 S Bravo Yuste

D 4 C E

Figure 1. A tmangle, AED, of the nth generation {decimation) and its internal triangles
corresponding to the (n + Dih ({n — L1th decimation) and (z + 2)th generation ((rn — 2th
decimation) of the two-dimensional Sierpinsky gasket. An example of the (# + I)th generation
triangle is QAB, while one of the (n + 2)th generation triangle is O12.

nearest neighbours on the many (ideally, infinitely) times decimated fractal. That is,
Y0y = lim ¢a() @.1)
=00

where ,(t) is the FPT density for the n-times decimated fractal. For fractals with sites
isolated by their nearest neighbours it is possible to calculate ¥ (f) by means of the
renormalization procedure of Van den Broeck [4, 5] (conceived initially by Machta [19]
for a one-dimensional regular lattice}. In this paper, I will consider FPT densities with a
finite first moment (i.e. finite mean) that is taken to be equal to 1. This is equivalent to a
setting of the time scale.

In [4, 5] van den Broeck has shown that, when 1 (r) has finite first moment, its Laplace
transform

V() = 1/F(s) 22)
may be obtained by solving the functional equation
f(rs) = p(fis) fOy=7rO=1. (2.3)

where p(x) is a characteristic function for each lattice and t (time rescaling factor) is the
factor by which the time to go from a site 10 one of its nearest neighbours grows (shrinks)
in each decimation (generation). It is known that p(x) = 16x° — 21x + 13/(2x) — 1/(2x%)
for the Given—Mandelbrot curve (notice that there was an erratum in the second term of
p(x) given in [5]) and that p(x) = 4x* —3x for the two-dimensional Sierpinsky gasket [5].
For the d-dimensional Sierpinsky gasket one has [20]

o(x) =2dx* —3(d —Dx+d —2. (2.4

These characteristic functions will be needed to calculate the constant C that appears on the
exponential term of the asymptotic form of ¥(r, t) for large & (see equation (2.20)). The
exact solution f(s) of the functional equation (2.3) is generally unknown. Nevertheless,
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from this equation, one can find its Taylor-series expansmn mformatmn about its zeros and
its asymptotic behaviour for large s.

Next shall be derived the asymptotic form, for large x, of p(x) for fractals in which
sites are isolated by their nearest neighbours (see equation (2.7)). The function p{x) is
defined by

1 1y

px) P P qax
where o labels every path that goes from the original site (say O in figure 1) to a specified
nearest neighbour on the nth-generation lattice (A, for example), 1/g,, is the probability of
the random walker to go from O to that specified site along the path ¢ (no matter what the
arrival time), N, is the number of steps or hops on the (1 4~ 1)th-generation lattice required
to travel the path @, and p is the number of nearest neighbours of the original site (p =4 in
our Sierpinsky example). Equation (2.5) embodies the assumption that the random walker
has an equal probability to go to any of its nearest ne1ghbours from the original site. We

can write (2.5) as
£ N,
p(x) p E — + J4 E —-x (2.6}

where the subscript m labels the shortest (mmlmum) path {or paths) that goes from the
original site to the specified neighbour, A is the number of steps of this minimum path,
and the subscript o labels the other (non-minimumy} paths. Continuing with the example of
the two-dimensional Sierpinsky fractal (see figure 1}, one sees that there exists only one
minimum path between the site O and A (one of its nearest neighbours) through the next-
generation lattice, namely, O —-1 — A The length of this path is then A = 2. Clearly,
the probability of going from O to 1 IS , and the probability of going from 1to A is also

, 50 the probability of going from O to A via the shortest path is 1/g,, = —

Because 1 < A < N, and 1,{/(5) — 0 for 5 — ©0, one has that

1 2018
- Rz . 2.7
d L!r(s)] 22n V/qn @7

for large 5. For brevity’s sake I will write 1/z instead of p Y 1/g,,. Notice that 1/z can be
interpreted as the probability that the random walker goes from a site to any of its nearest
neighbours via any of the minimum paths. In our Sierpinsky example we have 1/z = 71.
By using this definition of z and that of (2.2) for f(s}, together with (2.3), one finds that
{2.7) becomes the functional equation

Fzs) = z2f4(s). 7 (2.8)

The solution of equation (2.8) is

2.5)

1 ;
fs) = - exp(C's™H107) 2.9

where
Al = /6D : (2.10)

and C' is a constant that can be evaluated numerically. It should be noticed that A (which
was defined as the number of steps of the minimum path that goes along the (z + 1jth
generation lattice between a site and any of its nearest neighbours on the nth generation
lattice), is also the factor by which the distance between a site and any of its nearest
neighbours grows (shrinks) in each decimation (generaticn). In other words, A is the length
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rescaling factor in each generation or decimation. The definition of the anomalous diffusion
coefficient by (1.1) implies that dy, = Inz/InA. Therefore, equation (2.9) is

fls) = i exp(C'Sl/d‘") : (2.11)

The asymptotic behavmur of ¥(#) for small times is obtained from the inverse Laplace
transform of W(s) = 1/f(s), with f {s) given by (2. 11) It s out that the Laplace
transform of

1ty = At exp(—C /%) 2.12)
can be obtained by means of the Laplace method [21] and is given by

Fis) 24 [—2— 5 ﬁ+1) (€Y s~ exp [_ﬁ—gl-(qs ﬂ)?ﬂ (2.13)

for large 5. Comparing this result with ¥(s) = 1/(s) ~ A’ exp(—C’s!/%) for large s, one
finds that ¥ (t), for small ¢, should be given by

Y () & Ar~ B2 exp(~C/1F) (2.14)
with
- | 2.15
F=7"7 : , - 2.15)
Cf 14
=gt (=
CcC=p ( = ) (2.16)

V2
A= /%(ﬁ_f-) ’ @17

and where the relation v = 8 4 1 has been used. Values of A’, C" A, and C for several
fractals are given in table 1. Away from the short-time regime, ¥ (¢) is given by

00 ex,-j
= 2.
¥ (2) ; e (2.18)

with x; < 0 being the ith largest root of f(x) =0 [5].

Table 1. Constants appearing in the asymptotic expression of (s} = 1/f(s} for large s,
equation (2.11), and ¥ () for small ¢, equation (2.14). The symbol p refers to the one-
dimensional case, GM refers to the Given-Mandelbrot curve, and 54 to the d-dimensional

Sierpinsky pasket.

Case dy=Ir/lna A C A c
D 2 2 V2 JSImo12
oM In22/In3 4 20 L5 1.1
§2 In5/In2 4 196 182 098
53 In6/In?2 6§ 230" 278 131
54 In7/102 § 255 369 156
s5 In8/In2 10 274 45 175
s6 In9/1n2 12 290 542 191
s7 In10/In2 14 303 626 204

2 In agreement with the value reported in [5].
b In agreement with the value reported in [73.
€ A slightly different value of 2.56 was obtained in [7).
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) We have defined yr(z)dt as the probability that a diffusing particle starting at a site

reaches any of its nearest neighbours of the same generation, for the first time, in the time
interval (r, ¢ 4 dr), unit time being the mean time spent by the diffusing particle to travel
the distance between the original site and any nearest neighbour. This distance is, therefore,
~2D. Thus, one can interpret ¥ (¢) dt as the probability that a diffusing particle starting at
a site reaches another site separated by a distance r, for the first time, in the time interval
(¢, +dt), unit time being the mean time to reach the distance r. This time is (r/+/2D)%.
In order to emphasize this interpretation, I will write this probability as v (r, t), which can
be explicitly stated in terms of ¥ (¢):

VD) =¥ [:(@ r)d“’:l =y (§%). 2.19)

For the sake of simplicity and without loss of generality, in what follows I will choose the
unit of length so as to make 2D = 1. Using equations (2.19) and (2.14), one gets

Y(r, 1) & AE"* e exp (—CEY) (2.20)

for large & = r/t"/%. . ]

Let 2(r) be the probability that a random walker, who starts at f = (} at a given site (say
(), is absorbed during the time interval (0, t} by traps placed on the nearest neighbours of
O belonging to the same generation, unit time being the mean time spent by the diffusing
particle to go to any of its nearest neighbours from the original site. I will call the mortality
function the function A(r, ) defined as the probability that a random walker who starts at
a site is absorbed by traps located on its nearest neighbours at a distance r in the time
interval (0, #}. It is clear from the definitions of 2(r, ¢) and S(r, ¢) that k(r,t) =1 — S(r, t).
Reasoning as after {2.18), one sees that, analogously to (2.19), A{t) and A(r, t) are related
by -

h{r, 1) = h{E7%). (2.21)
From the definition of ¥ (¢) and A(¢) we know that

R(t) = fr dr ¥ (7). (2.22)
0 .

Inserting (2.14) in this equation, integrating, and using the resulting expression in (2.21),
one finds that the moitality function of a random walker in fractals isolated by nearest
neighbours is -

. Aldy, —
by S D exp () 22
for large £. On the other hand, inserting (2.18) into (2.22) and using the relation
(Hder = (2.24)
f YOI =) e (x,
one finds that
0o ok fEM
h(r,t) =1+ : (2.25)
; r.f f(xi X
Figure 2 plots the difference, AS, between the survival probability
0a o e

Sry=—y_ T (2.26)

=1
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Figure 2. The difference, AS, between the survival probability comesponding to the fwo-
dimensional Sierpinsky gasket {full curve), the three-dimensional Sierpinsky gasket {broken
curve), and the Given—Mandelbrot curve (dotted curve) with respect to that corresponding to the
one-dimensional lattice. As reference, also represented is one-tenth of the survival probability
for the one-dimensional lattice (full curve with crosses).

corresponding 1o the two- and three-dimensional Sierpinsky lattice and to the Given—
Mandelbrot curve with that corresponding to the one-dimensional lattice:

S(r,t)= %Z(—l)";l 2 exp[-—%(n - %)zxzruz] . J (2.27)
1

1
n= =3

I have also plotted S(r, £)/10 for the one-dimensional lattice as a reference. We see
that S(r, t) is smaller for the three fractal examples than for the one-dimensional case when
£ <1, and it is larger when & 2 1. Recall that S(r, ) is the probability that the random
walker has never gone further than r from its starting point at 0 along the time interval (0, ),
and that ¢'/% is the ensemble average of the distance spanned by random walkers between

 their starting site and their positions at time ¢ (cf equation (1.1)). Therefore, figure 2 means
that the probability that over the time interval (0,1} a random walker never goes further
than the ensemble averaged (or mean) distance travelled by random walkers at time £ is
always smaller for our fractal examples than for the one-dimensional lattice. The opposite
is true for & = 1, i.e. the probability that during the time interval (0, t) a random walker
has gone further than the mean distance corresponding to this time is always larger for our
fractal lattices than for the one-dimensional lattice. A remarkable fact is that the values of
S(r, 1) for £ = 1 are very similar; they are compressed between 0.37 and 0.38 in our four
examples. Also notice that AS has a minimum close to £ = % and a maximum near £ = %
for every fractal.

3. Propagator for large £

Let SCr, 1) (h(r, )} be the probability that the random walker which started at » = 0 when
t = 0 is inside (outside) the region of radius r after the time ¢ when there exist no traps
(free ‘process). It is clear that §(r, ¢} and S(r, t) are different. Moreover, it should be clear
that S(r, ) > S, 2) (h(r,t) < h(r, 1)) because in the free process the random walker can
return to the inner region after waiking in the outer region, whereas this is not possible
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when there exist (perfect) traps at distance r. However, I conjecture that
h(r, t) = kh(r,1) (3.1)

for large £ (short times and/or large distances), k being a constant. This conjecture is
supported by the fact that A(r, 1) & 2h{r, t) for the one-dimensional lattice (cf the appendix).
Moreover, it is expected that 1 < £ < 2 because for fractal structures the probability of
return to the inner region should be smaller than for the one-dimensional lattice, in agreement
with the fact that the probability to return to the origin, P(0, t) ~ t~%/2, decays more slowly
for the one-dimensional lattice (d, = 1) than for fractal structures in which d; > 1.

Next, it is proved that the quantity h(r, 1) obtained from (3.2} by using the propagator
of (1.6) satisfies (3.1}, provided that & = v/2 —d;. It is clear from the definition of hr, p)
and P(r,1) = r&~4P(r, 1) that

h(x,t) = Qq f B, oyt dr (3.2)

X

with §4 = 2742/ I'(d/2). Assuming that the propagator has the form
P(r, 1) = ar~%/25% exp(—ct®) (3.3)
for large & (cf equation (1.6)), one gets from (3.2) that

h(x, 1) ~ Qqat=%/? f r 1% exp(—cE™y dr (3.4)
[e2] ¥ - .
~Qua [ g exp(—ceh) o 3.5)
&
(et-dp) /0
S () r (25

with &, = x/tY%_ Using the asymptotic expansion of the incomplete gamma function [22]
one finds that

hir,ty ~ ——Ei—f;“*‘“’f =P exp(—cg ) ' (3.7

for large £. Eqguation (3.1) together with (2.23) and (3.7) implies- that the propagator is
given by (3.3) with

c=cC 38)

t=v= dwd‘_”_ 1 (3.9)
Ad

a= kﬂj T (3.10)

w=z—dp. (3.11)

Notice that although I have assumed that & is a constant, this is not strictly necessary. The
above results are valid even if k depends on & provided that k(£) is subdominant with
respect to £ (for example, £(€)} could change logarithmically).

It should be clear that it has not been proved that the propagator is given asymptoncaﬂy
by (3.3) with o and ¥ given by (3.9) and (3.11), respectively. However, I think that this result
is quite plausible because it is derived from the reasonable assumption that &{r, 1) /ﬁ(r, )
is subdominant with respect to a power of £. As said before, this argument leads to the
correct values of « and ¥ for the one-dimensional lattice. Furthermore, the agreement of
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this result for ¥ with the widely accepted value v = d,/(dyw — 1) reinforces the plausibility
of our argument. On the other hand, there is no consensus about the value of &, with
even the existence of the potential prefactor not being well established. The most recent
proposal of Roman and Alemany [12], ara = (ds —dy)v/2, and the relation of Klafter et a!,
axzs = (df — dw/2}/{dy, — 1), diffe; significantly from the present result o = v/2 — dj.
For example, for the Given—Mandelbrot curve (dy = log8/log3, d; = 2log 8/log22) one

finds ¢ = —1.117, whereas ogra = —0.425 and agzg = 0.268; for the two-dimensional
Sierpinsky fractal (d; = log3/log2, d; = 2log3/log5) one has ¢ = ~0.707, whereas
apa = —0.193 and agyp = 0.321. We see in these examples (other examples could be

given) that the expression for o proposed in this paper leads to negative values less than
ora, Which are also negative, and oizp, which are positive. This means that the potential
term &% has the effect of decreasing P(r, #) when the value of o proposed in this paper
is used or that proposed by Roman and Alemany, the decrement being smaller in the last
case; the effect is the opposite when agzp is used.

4. Conclusions

In this paper I have studied some fundamental quantities that describe statistically the
diffusion of a random walker on a particular class of fractals. These quantities are the first-
passage time, the survival probability and the Green function or propagator. The fractals
considered were those in which it is not possible for the random walker to go from a site, say
0, to a non-nearest neighbour on the decimated lattice through the original (non-decimated)
lattice, without passing through nearest neighbours of O that belong 1o the decimated latice.

For all of these fractals I have found that the asymptotic expression for the first-passage-
time density for £ 3> 1 can be written in terms of the anomalous diffusion coefficient d,,
as: w(rt) ~ AEY2 e exp(—CEY) where v = dy/(dy + 1). The constants A and C
were calculated numerically for the Given—Mandelbrot curve and for the two- to seven-
dimensional Sierpinsky gasket and compared with reported estimations when available.

I also calculated the survival probability for this class of fractals. It was shown for the
Given—Mandelbrot curve and for the two- and three-dimensional Sierpinsky gasket that this
quantity is sraller than that comresponding to the one-dimensional lattice for &£ < 1 (with the
minimum at £ ~ %), larger for £ = 1 (with the maximum at § ~ %), and almost coincident
for £ ~ 1. In any case, the differences are always small. The asymptotic expression of
the survival probability for large £ was also obtained in terms of the anomalous diffusion
coefficient: S(r, t) = 1 — (A/C)dy — DE~2 exp(—CEY).

From this last expression I have ‘derived’ the asymptotic form of the propagator for
£ 1 P(r,t) = ar~%/?g% exp(—CE®). The value obtained for ¥ is v = dy/{dy + 1),
which is precisely the widely accepted value. However, the value obtained for ¢, namely
o = v/2 —dy, differs from others suggested recently. Therefore, it would be convenient to
have simulation results precise encugh to be able to resolve this discrepancy.

As said before, it is well known that for fractals without loops the propagator decays as
exp(—CE")} for & > 1. This is also true for the percolation cluster at criticality. Moreover,
it was argued in this paper that this resuft is also true for all fractals (with and without
loops) belonging to a given (and broad) class. Thus, it is a natural step to conjecture that
the propagator would exhibit this behaviour for all media with self-similarity. Another
natural, although admittedly more risky, step along this line of reasoning would lead us to
conjectuze that the potential factor £% appearing in the propagator is also universal.

This paper has been concerned with the study of the diffusion of a random walker on
fractals generated deterministically so that they are strictly self-similar. 1 think it would
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also be interesting to carry out this study for random fractals (which are self-similar only in
a statistical sense), and analysing to what extent the results provided in this paper remain
" valid or change. Work is in progress along this line.
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Appendix

In this appendix it shall be proved that (3.1) holds in one dimension with & = 2. Let i(x, £)
be the probability that the random walker who starts at x will be absorbed by traps placed
at x = —r and x = r in the time interval (0, 1), let H{x, 1} = 1 — i({x, t) be the probability
that he will not be absorbed, and let g(x) be the initial probability density function. Then,
the mortality function is given by

r

h(r, 1) = rg(x)h(x,t)dx:l—[ g()H(x, 1) dx. (A1)

—r —_r

1t is well known [23, section X.5) that H (x, 1) is given by

> dmr +2r ~x dmr — x
H(x’t)—m;w [¢( 2Dt )—¢( 2Dt )

dmr +2r +x 4mr+l’)]
| ———— |+ | ——— A2
¢ ( V2Dt ) ¢ ( 2Dt @2
where ¢ (x) is the standard normal distribution
1 * 2
oix e~ /2. A3
)= 7z (A3)

Using the relation ¢{—x) =1 — qﬁ(x), one finds that k{x,t} =1 — H(x,t) is given by

wermali-o(gg)] i b (855) o ()] wo

The initial probability density function is g(x} = §(x — 0) when random walkers start at
x = 0. In this case, inserting (A.4) into (A.1), one gets

h(r,1) =201 = $E1+2 Y (=1 {$[@m — DE] ~ ¢ [(2m + DET} (A.5)
m=1
where § = r/~/2D¢. Using the relation ¢(x) = 1 — erfc(x//2)/2, equation {A.5) becomes
hir,t) = Zi(—l)’”"'lerfc[(flm - Dg/N2]. (A.6)
m=l

But the function erfc(x) decreases quickly for large x so that, for large £, equation (A.6)
yields

h(r, 1) = 2erfe(§ /v2). (A7)
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On the other hand, the propagator in one dimension is

P(x,0)= (5.8)

I ex ( %2 )
V=Dt P\ 74Dt}
Therefore, the probability that the random walker who starts at x = 0 and 7 = 0 is outside
the region [—r, r] after the time 7 when no traps exist is given by

B ) =fr p(x,z)d:+f°° P(x,)dr (A.9)
=2f Px,t)dt (A.10)
2 2
== g A1l
T &/Jie Y ( )
= erfc(£/v/2). (A.12)

Comparing (A.7) with (A.12), it is proved that h(r, 1) ~ Zﬁ(r, t}y for £ > 1 in one
dimension.
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