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Radial Distribution Function for Sticky
Hard-Core Fluids
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Foliowing heuristic arguments, analytic expressions for the radial distribution
function g{r) of one- and three-dimensional sticky hard-core fluids (ie., square-
welf fluids in a scaled fimit of infinite depth and vanishing width) are propesed.
The expressions are derived in terms of the simplest Padé approximant of a
function defined in the Laplace space that is consistent with the following
physicaly requirements: p(r)s e®"s7g(r) is finite at the contagt point, and the
isothermal compressibitity is finite. In the case of sticky hard rods the expression
obtained is exact, while in the case of sticky hard spheres it coincides with the
sodution of the Percus-Yevick equation,

KEY WORDS: Radial distribution function; square-wefl fluid; sticky hard-
core Hmif.

1. INFTRODUCTION

Recently, a method to get approximate explicit expressions for the radial
distribution function {RDF) g(r} of hard-sphere fluids has been proposed.t”
In the method, two very general conditions on g(r}, namely {i} continuity
for distances greater than the sphere diameter and (if} convergence of
the moment related to the compressibility, are implemented in the Laplace
space by the use of Padé approximants. The simplest approximant coin-
cides precisely with the exact solution of the Percus—Yevick (PY) equation.
The next step vields the solution of the generalized mean-spherical
approximation,

The extension of the method to fluids whose particles may interact
attractively (via the Lennard-Jones potential, for instance} is not straight-
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forward at all. In order to confront the probiem, it is instructive to start
with simple models. The sticky hard-sphere model introduced by Baxter'®
is perhaps the simplest one that incorporates attractive forces. It consists of
a square-well fluid in a scaled limit of vanishing width and infinite depth.
The exact solution of the PY equation for this model has been analyzed by
several authors'>® and applied to the clustering in oil-continuous
microemulsions. ' The solution has also been compared with Monte Carlo
simulations.!”’

In this paper we foliow heuristic arguments similar to those of ref I to
propose analytic expressions for the RDFs of sticky hard rods and sticky
hard spheres. The reasoning and ansaiz arc essentially common in both
cases, the dimensionality playing a purely geometrical role. The method
provides expressions that coincide with the exact solution in the case of
sticky hard rods and with the PY solution in the case of sticky hard
spheres. Fhis illustrates the possibility of obtaining reliable RID¥s by
adequately implementing very weak requirements.

The paper is organized as follows. In Section 2 we present the basic
definitions and equations that will be needed later on. In Section 3 the
basic physical requirements used in our method are described and their
consequences in the Laplace space are derived in parallel in the one- and
three-dimensional cases. The ansatz of the method is worked out in Sec-
tion 4: a function related to the Laplace transform of g(r} is approximated
by a rational function, or Padé approximant, satisfiving the requirements
of Section 3. Finally, the resuits are summarized and discussed in Section 5.

2. BASIC EQUATIONS

The RDF g{r) of a fluid informs us about the spatial correlations
between a pair of particles a distance r apart.® It also provides the
thermodynamic quantities of the fiuid. In particular,

P d(p(}
S deBTJd — &lr) (2.1)
- o\ _
x:kﬁT(EE)TWi+der[g{r)wi] (2.2)
to=3p [ dt plr) g(0) (23)
ex 2 "

In these equations, p is the pressure, p is the number density, &y is the
Boltzmann constant, 7 is the absolute temperature, ¢(r} is the interaction
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potential, u,, is the excess internal energy per particle, and d is the dimen-
sionality. Thermodynamic consistency implies the following relationships:

1 8
i {2 (2.4)
. 5p(ﬂ}

5%; - —~kg Tz é_z_ (2.5}

P50 aT

At low densities, g(r) can be conveniently expressed in terms of a
power series expansion‘®

yry=e® e Tg(ry= 1+ 3 pdr) p" (2.6)

L

The first-order coefficient is
yikry={ dv fir) i) (2.7)

where f(ry=e"®U¥sT 1 is the Mayer function.
Let us consider now the square-well potential interaction:

oo, rl
plry=< —e, l<r<i (2.8)
0, A<y

where we have taken the diameter of the hard core as the length unit. For
the square-well potential the virial equation of state, Eq. (2.1), and the
energy equation of state, Eq. (2.3), become, respectively,

2= 14297 { AN(A) — e T A% () — (1) ]} (29}
" A

w:;*i: “dzdwineﬁfks?"j dr ¥ 1y(r} (210}
i

where n = pv,, v,= (n/4)%? I'(1 + d/2) being the volume of a d-dimensional
sphere of unit diameter. The simplicity of the Mayer function for this
potential allows one to evaluate explicitly the function y,(r} through
Eq. {2.7). The result for one-dirnensional systems with A <3 is

y () =2xH A~ D+ 2~ (2x*+2x+ 1) 7, O0gegi—1

= e 2K — F) 4 2 p, A-tErg?
e Hx+ A+ 1) x4+ {x+2) xr, 2grgi+l (211
= 2Ax* — x7r, A+i1g€r<22

=0, rz2A
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where x = ¢**®7 1, The result for =13 can be found, for instance, in ref. 9
and will not be quoted here.”

The sticky hard model corresponds to the limits A — 17 and ¢— o
with o = e¥**7(} — 1) fixed, so that the second virial coefficient is finite, The
parameter z is a monotonically decreasing function of T and measures the
degree of “adhesiveness.” The case of pure hard-core fluids is recovered if
o=, In the sticky hard-core limit the Mayver function becomes

flry=ad (r—1)+6(r—1)~1 {212}
where
é,.(x)= lii& a {O(x)~ B{x—a)] (2.13)

@{x} is the Heaviside step function. The relationship between g(7} and y{r)
is then

glry=y(r} O(r— 1)+ oy{1}d . (r—1)} (2.14)

In the limit A - 1" with 2 fixed, Eqs. (2.9} and {2.10) reduce to
z= 14247 g{p(1) —aldy(1)+ F(17)]} (2.13}
Ejim —d2% pay(1) (2.16)

In Eq. (2.15) we have denoted

F(1*)}= lim Hm g-i:y{r) {(2.17)

A—=itpr—ai*

which in general must be distinguished from
. d
yi{1*ty= Hm — lim vir) (2.18)
retvdrioge

The consistency conditions (2.4) and (2.5), expressed in terms of # and «,
become

— o o Y2 2.19
== 5 (1) (2.19)

3 (e _ 0
" .é:l ('—é“) =¥ P {220)

2 Note a misprint in the fourth line of Eq. {19} of ref. 9: the term Ar should read A,
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The density expansion coefficient y {r) can be obtained cither by taking the
sticky hard-core limit on the square-weill y,(r) or just by inserting {2.12)
into {2.7) The results for d=1 and d=13 are, respectively,

yiry= a8 (140, (r—D]+ Qu~2+7r)
x[8(r—2)—1], d=1 (2.21)

2

%ydr)u 18a25+(r}+[w I.Q:c — 8(1 ~3a) + 6(1 w2m)rm%r3]

x[O(r—-2)—1], d=3 (2.22)

3. PHYSICAL REQUIREMENTS

Two basic requirements that a physicaily meaningful approximation
must fulfill are: (i) finiteness of y(r) at r=1, and (i) finiteness of the
isothermal compresibility y (as long as the system is in a disordered state).
We also require: (iii} the approximation is exact up to first order in density.
Following the same approach as in ref 1, we will implement the above
conditions in the Laplace space. Thus, we define

Y1) = f dr e~ "y (r) (3.0)

Gl1) = j: dr e~ "rg(r)

= Y1) +ap(l) e~ (32)
Hiy= | dre=r gt -1
= G1)~ml 4=+ D (33)

In the second step of (3.2) use has been made of {2.14). Equations such as
Eq. {2.7} and the Ornstein~-Zernike relation involve d-dimensional Fourier
convolution integrals. This suggests that we choose the value of m in
Eqgs. (3.1)-(3.3) under the criterion that the Fourier transform §{g) of
a function ¥(r} is related to the Laplace transform ¥{¢) of +r™f{r) in a
simple way. These geometrical considerations lead to m=0 for d=1 and
m=d -2 for d=odd 3. For instance, §{q) = —(2n/ig)[ ¥{ig)— ¥(—ig)]
in d= 3. Here we will restrict ourselves to the cases d=1 and d= 3.

Let us first consider condition (iii). Insertion of the expansion (2.6},
with y{r) given by (2.21), into (3.1) yields

e~ ! 1 4 ary? 2ot —t+ .
Y{:}:—«;mkr;[( : )e_z‘mw:—zm—we"’}+@(r}2), d=1 (34
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By substituting (3.4) into {3.2) we get
G()=[F() + Fi(tynle "+ nlFo{}])* e ¥+ O(n?), d=1 (35)

where
Fn=, d=1 (36)
2% ot 2yt
F{t)= — 3 . d=1 (3.7}

t
Similar steps in the case d=13 lead to
Gl)y= [ F{)+ Fd)nl e — 12mt[Folt} P e + O(n*), d=3 (3.8}
with
Folty=at™ ot ip 13 d=3 (3.9}
Fi(ty= (1207 ~ 1200+ )t + 72y~ 213
— 6(1 —do) 4 12077 4 12076, d=3 (3.10}

Notice that the simplicity of Eq. (3.8) is a consequence of defining G{i)
with m =1 rather than m =0, since y,{r), Eq. {222}, contains a term of the
form r~ L.

The structure of Eqgs. (3.5) and {3.8) supgests that we define an
auxiliary function F{r) through the relations

G(ty= 3 " 'LF)] e ™™

Foms d
_ Fpe B
- R d=1 (3.11)
G{ty=1 3, (—12p)" ' [F()] e ™
LECR]
Fue” d=3 (3.12)

T i2mE( e
The reguirement (iif} implies that
F(t)= Fo(t)+ nF (1) + O(n%) (3.13)

with F, and F, given by Egs. (3.6) and (3.7} for d=1 and (3.9} and (3.10}
for d=3. '
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Let us see now which constraints on F{z) the condition y(1)=finite,
requirement (i}, imposes. Laplace inversion of (3.11} gives

wr) Q(f“i}=§ n N r—n) O(r—n), d=1 (3.14)

where the Laplace transform of £,(r}is F{t)—~ap{1}and that of & {r}, n22 2,
is [F(1)]". Analogously, Laplace inversion of (3.12) gives

oo

y(r}Q(f‘—i}m{; 2 =12y e r—n) B(r~n), d=3 (315)

e

where now &,€r) is the inverse Laplace transform of tF{¢) ~ wp{1} and £ {r),
nzz 2, is that of ([ F{r)]" According to Egs. (3.14) and (3.13), ¥{1}=£,(0}
Consequently, finiteness of p(1) impiies the foliowing asymptotic behavior:

Ft)~a+¢"" when 100, d=1 (3.16)
(F()~a+1' when f—w, d=3 (3.17)

the amplitude being precisely {1}, ie.,

- ki X -
)= lim e, d=1 (3.18)
R
1) = =3 3.19
yl)=lim = (3.19)

The slope of ¥{r) at the contact point is given by the subleading term in the
asymptotic behavior of F{1):

Y1 )= lim 2LF() ~ (e + 271 (1)1, d=1 (320)

Y1+ )= — (1) + bm 20F) —{a+1" ) (1)),  d=3 (3.21)

For sticky hard rods (d=1), {F(1)}"~(® for large 1, which implies
£ r)~3d ,(r) for small r (and nz2). Consequently, y{r) possess a delta-
comb contribution with peaks located at r=2, 3,... On the other hand,
for sticky hard spheres (d=3), t[F{0)]"~t~¥"~" for large 1, so that
E(rY~r*~2% nz2, for small r. Thus, y(r) has a jump discontinuity at r=2,
but is continuous at r=3,4,...

Finally, let us consider the condition y=finite, requirement i)
Notice that this condition implies, but is not implied by, the condition
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Lim, _, ., g{ry=1. The compressibility equation of state (2.2) can be recast
into the form

¥ =1+ 2n lim H(r), d=1 (3.22)
Lo}

d
y=1-24ylim = H(1), d=3 (3.23)
t—=0 dt

where H(1} is defined in (3.3). Finiteness of y then leads to the following
behavior of G{¢) in the limit of smail

G{ty=1"'{1+ ¢{1)], d=1 (3.24)
G(ty=1" 1+ 0], d=3 (3.25)

Consequently, in this limit the auxiliary function F{r) behaves as

At +M_L..]
Ao~ ¢ [” G
= {1 — 1)+ 1+ O(1), d=1 (3.26)

b 12 e
e [ 12’“‘@{:}]

e 12 13 ____I____4
= ZZq(I T +24z)

+{(1 =02+ 00, d=13 (3.27)

Before closing this section, we summarize the main points. First, we
define the function G{7) by {3.2}. Its exact density expansion for sticky hard
rods [sticky hard spheres] is given by Egs. (3.5)-(3.7} [Eqs. (3.8)-(3.10}].
The form of this expansion suggests the introduction of the function F(r)
through Fq. (3.11) {Eq. (3.12)]. The behaviors of F{r) at large ¢ and at
small ¢ are exactly described by Eq.(3.16) {Eq.{3.17)] and Eg.(3.26)
[Eq. (3.27)7], respectively. The large-t behavior is a consequence of the
exact property y(r)= finite at r= 1, while the small-r behavior comes from
the requirement y = finite.

4, RATIONAL FUNCTION APPROXIMATION

4.1. Sticky Hard Rods

The knowledge of F(t) ai any density n allows one to get an explicit
representation of the RDF for sticky hard rods [sticky hard spheres}
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through Eq. (3.14) [EBq. €3.15)]. In principle, the exact determination of
F(¢) is a formidable task, especially in the case d= 3. As seen in the pre-
vious section, any physically meaningful approximate method to get F(1)
must comply with conditions (1} {3.16) {(3.17)1 and (i1} (3.26) [{3.271)1
The exact density expansion, Eq. {3.13), can also be used as a guide.
A simple way of reconciling conditions (i) and {ii} is by means of a rational
function, or Padé approximant, for F(¢):

Pt}

=50

{4.1)

where P.(1) and @ (¢} denote polynomials of degrees v and p, respectively.
This rational form is indeed the one adopied by F{¢) in the low-density
limit, as seen in Egs. (3.6} [(3.9)] and (37) {(3.10}1 The number of
unknown coefficients is 1 + v + . In the case d=1, Eq. {3.26) imposes two
constraints. Equation (3.16) implies that ¢ =v and imposes one extra con-
straint, namely that the ratio between the two first coefficients in the large-t
expansion: is precisely a. Similarly, in the case d=3, u=v+1 and the
number of constraints is 54 1. Consequently, vz i for d=1 and v= 2 for
d=3. Obvicusly, the simplest choice corresponds to equal numbers of
unknowns and constraints, ie, v=1 for d=1 and v=2 for d= 3. These
will be the cases considered in this paper.

In the remainder of this subsection we will consider exclusively the
case of sticky hard rods {(d= }). Our Padé approximant for F(¢} is

11+ L%
A= 7ysoy *2)
with
S g 1—n
L=t 43)

on account of Eqg. (3.26}. The large-r behavior of Eq. (4.2} is

1[LE e g S pn
F(:)w[w+-—--~;mr'*ww~;w
St S

24 @R 4.4
; 24 0 )] (4.4)

The condition (3.16} implies that

S _
s Fm = (4.5}
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The set of equations (4.3) and {4.5) leads to a quadratic equation for S
or LY. The criterion to choose the physical solution is that L™ must
vanish if « =0. Thus, one gets

i
S0 =g (L= =+ 4o )4 1 =) (46)

L*”zgg{{(imn}(i-~n+4an)]”2-1+n} (4.7)

Despite the little effort needed here to determine Fir}, it turns out that the
corresponding Laplace transform G(t}, Eq. (3.11), coincides with the exact
solution to the problem, as shown in the Appendix. Of course, if one takes
2 =0, the exact solution for a system of hard rods"® is recovered.

The contact values y{1} and y'{1™") are readily obtained from {3.18)
and ¢3.20), respectively:

1 LW
y(f}“;;?;“m {(4.8)
s 1 50 p i
Y T)= "“;} sty {49)
Also, one easily gets
lim H(t)= 14 g+ gL0HSWH — L) {4.10)
[

Substitution of (4.8) and (4.10} into {2.16) and (3.22), respectively, yields

e AL =1 —n+dag)]V 1 45}?
e Jom(1 — ) (411)

= (1 =MLt~ )1~y +dan) (4.12)

Since in the method followed here the sticky hard-core limit {1 — 1)
is taken from the beginning, we cannot use our knowledge of the RDF to
get 7°(11) [cf Eq. (2.17}]. As a consequence, the virial equation of state,
Eq.{2.15), cannot be completely determined in the framework of ocur
method. A similar limitation was already recognized by Seaton and
Glandt,” who performed Monte Carlo simulations working directly with
sticky hard spheres. Since in the case of sticky hard rods we have obtained
the exact RDF with our method, we can use the thermodynamic consistency
conditions {2.19}) and (2.20) {0 get z from {4.11} and {4.12)}. The resuli is

L, L —n)t —n -+ 4o )]V~ 1+ g
2o(1 1)

(4.13)
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The value of 7(1*) can now be obtained from Eq. (2.15) by making use
of {4.8) and (4.13). It turns out that §'{1*}= »'(1*), This means that both
limits in Eqs. (2.17) and {2.18) can be interchanged in the case of sticky
hard rods.

In order to complete the thermodynamic description of the system, let
us evaluate the excess free energy per particle a,,. We start from the
thermodynamic relation

L G4y 2] 4.14)
koyT 0Oy i
A straightforward integration yields
oy o {{1 “’?){1 -1 +4a’f)]ﬂ2“ I+ H— 20“?
kpT 2o
Pl i—n+4un)PF—1+
4 b & dun)] 1 4.15)

an{[(1—~y}1—n+4am) ]+ 19}

Let us go back to the correlation functions. Laplace inversion of
[F(r)]” allows one to get &, (r}). The explicit expression for the RDF is then

A Y AL b
g{r)m-'; ¥ [(—) 8 (r—n)+{fr—n)e s 9(r-n}] (4.16)

ity
sl S

where

"

nt LU} k—n L{l} k ] Lt
= L e (gm) (i“g“m) srgomn )

Foan }

is a polynomial of degree n—~ 1. The exact RDF for sticky hard rods has
already been derived by Seaton and Glandt."'*! For the sake of complete-
ness, we are also going to obtain the direct correlation function c(r),
defined through the Ornstein-Zernike relation'®):

hiq)

(418
L+ nhtq) }

&g) =

where

#q) =2 j: dr cos(qr) c(r) (4.19)
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is the Fourier transform of c(r), and A(q) is that of h{r})= g(r)— 1. The
latter is known, since A{g) = H(iq}+ H{—iq). Thus, one gets

2 LitP Litrgh
C(‘?}”,}(S(1)+L(A})(“ SO T ST 008 g
1 cosg—1 sing
- 420
TSI 7 p ) (4.20)
Fourier inversion yields
1 - Ly Littgiy
C{")mn(sm,f_Lm) L”” CEs Iy A 5+{’)+W‘5+(’“1}

-1
+(§"‘;"Tfﬁ"*"’1) 6(1—~r}] (4.21)

As is well known, the PY approximation becomes exact for hard rods
(=0} Let us see that this is not true in the more general case of sticky
hard rods (x> 0). The PY closure is

c(r)=g{r}— y{r) (4.22a)
=ap(1) 0, {r—1)— y(r) @1 —r) {4.22b)

where Eq. (2.14) has been used in the last step. The exact c(r}, Eq. {4.21),
is consistent with the PY c(r), Eq. (4.22b), if

H L“}S(i}

)= (423)
i i

y(l)m;}L(l),\s_ S(i} {4'24)

In fact, both conditions are equivalent, as can be seen by using {4.5). Since
y{1) is exactly given by (4.8), Eq. (4.23) is clearly not verified, unless
L= e, =20,

4.2, Sticky Hard Spheres

In this subsection we consider the case of sticky hard spheres {d= 3).
The simplest Padé approximant {v=2, y=3) of the form {4.1} is

B 1+ LY+ L7
120 1+ 8U 4 §P¢2 1§53

Ft)= — (4.25)
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with
L{z>:§zﬁ%+%j;(21 {4.26)
Smmm%fgﬁ;+t%;ﬁn (4.27)
§ = m% 11+ 2'??? %% L@ {4.28)
G0 /) el BT (4.29)

129{1+2n) 1421

by application of condition (3.27). For large 1, Eq. (4.25) becomes

1 L@ g yare@
IF{t}mmm[sﬁjﬁ- s
LIUEDEO 4 piyghgd) | gi2vy | g3F , .
- e 7o+ 0 )] (4.30}
Condition (3.17) leads to
LG

L™ rig =0 {4.31)

Substitution of Egs. (4.261-(4.29) into Bq. {431} vields the following
quadratic equation:

12511 ~ X1 + 25) + 0:(14112 — 4y —17] Le¥
+ (1P (1420 — 120} LP (1 — )2 (T + 40} =0 (4.32)

The physical root is the one that vanishes when « — 0. Its expression is
(1)
24n

(i + 20 2400 (50 — 2)/{1 —u )y + 2an/(1 — )+ 1]Y2 — | — 2 + 1209
(1 =y W1+ 29} +a{l4n* — 4 — 1)

FAC

(4.33)

While the coefficients LY and § in the case of sticky hard rods are real
for any >0 and any n<1 [cf Eqs. (4.6} and (4.7)], the coefficient L'®
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in Eg.(433) is a complex number if a>a, = {2+\/§)/4m0.8536 and
H_ <n<#,, where

240 1200+ | & 6a(160% ~ 160 + 2)'7
o= 1200 — 24 + 1

(4.34)

In the limit a—o,, one gets 4, —~#y,=(3 \/5_4)/23{}‘12]_3‘ The Padé
approximant (4.25) is meaningless if x>0, and n_<np<gy.. As one
approaches the critical point {5, «.), the coefficient L'’ diverges to infinity.

The approximate RDF defined by Eqs. (4.25)-{4.29} and (4.33} coin-
cides with the exact solution of the PY equation for sticky hard spheres
derived by Baxter,'® as can be casily seen by taking into account the

relationships befween Baxter’s parameters T and g and our parameters o
and L )

1
= e 435
127 (433)
1 —
@ KT 436
1291425~y (4.36)

The critical behavior of this solution has been analyzed in detail by
Fishman and Fisher.'™!

Following our method, we now use Eq. (430} in Egs. (3.19) and (3.21)
to get

rL®
, 1 LVgmgt L gy gitigt) _ g2y go¥
YAy ==+ e (4.38)

On the other hand, from the expansion of F(t} in powers of 1 up to order
t® one obtains

_d 1
i O =G

|35 @@+ —(=aF L= 11 -0 L] 439)

Substitution of {4.37) and {4.39} into (2.16) and (3.23) gives the energy and
compressibility equations of state, respectively. As discussed in the case of
sticky hard rods, the quantity 7'{1 ¥ ), which is needed in the virial equation
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of state, cannot be determined once the sticky hard-core limit has been
taken. We cannot use now the thermodynamic consistency conditions to
obtain the virial equation of state from the energy and compressibility
equations of state, as the latter are not exact. Nevertheless, Baxter® was
able to derive the virial equation of state by carefully taking the Limit
A-+1" in Eq. {2.9) and using the PY closure, Hq. {4.22a}). From that result
and Eq. (4.37} one can get §{1*):

F{L =y (1%) =~ T2 p(1)]° (4.40)

Thus, in contrast to what happens in the case d = 1, the order of the limits
in Eqs. {217} and (2.18) is relevant in the case d=3. The difference
between P'{1*)and y'€17*) is of seccond order in 5 and of third order in «
While #'(1 7} is a remnant of the behavior of y{r) in the shrinking intervai
l<r<d, p{17)is the limit value of y (A1)

5. DISCUSSION

In this paper we have been exploring the possibility of developing a
method to get reliable analytic approximations for the radial distribution
function (RDF} g{r) of fluids whose particles interact via a hard-core
potential o{r) with an attractive tail. In particolar, we have taken the sticky
hard-core potential in one and three dimensions as a simple and insightfil
fest case. This petential is the limit of a square-weli potential as its depth
goes to infinity and its width goes to zero in a scaled way.™

The REF is constructed by imposing the following exact conditions:
{i} the auxiliary fanction y{r)=e®“¥**7g(p) is finite at the contact point,
{ii) the isothermal compressibility is finite in disordered states, and (i) the
exact zeroth-order and first-order coefficients in the density expansion of
glr) are given. The two first conditions are rather qualitative, while the
third condition is more explicit. The Iatter, however, is used only as a tool
to suggest the introduction of a function F(r) algebraicaily related to the
Laplace transform of g{r). The choice of F(z} as a relevant function is
supported by the fact that the explicit form of g{r} for any density and
temperature follows easily from that of F{¢). The interesting point is that
conditions (i) and {ii} impose serious constraints on the behavior of F{1)
for large ¢ and small £, respectively. This shows that the choices of condi-
tions {1)-{iti) as the basic physical requirements strongly restrict the set of
admissible approximations. The specific idea of the method comnsists of
assuming for F(:) the simplest Padé approximant satisfying the above
constraints. This is, in fact, the only approximation made in this work,

In the one-dimensional case (sticky hard rods), the resuit obtained
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with cur method coincides with the exact solution of the problem. In the
three-dimensional case (sticky hard spheres), our approximation coincides
with the Percus—Yevick (PY) solution. This confirms the adequacy of our
choices and shows how a careful use of very weak requirements can lead
to quite good analytic approximations. In this respect, it is worthwhile to
point cut that the PY equation is not exact for sticky hard rods.

Although the PY equation provides an excelient RD¥F for pure hard
spheres, some discrepancies with simulation have been observed in the case
of sticky hard spheres.!”” The method described here can easily be extended
beyond the PY level by considering the next Padé approximant. The two
new coefficients can be determined by imposing extra requirements, such as
consistency between the different routes to the equation of state. Work is
now in progress along this direction. In fact, the generalized mean spherical
approximation for pure hard spheres was derived in ref 1 following this
idea.’

The generalization to any attractive hard-core potential of the method
described in this paper is not an easy task. As a next step, we are now
analyzing the case of the three-dimensional square-well fluid by proposing
the following form for the function F(¢) introduced in Eq. (3.12)

1 b+ e
129 1+ SWe+ 592+ g8

Hiy= siA+(1—A)e 1] (5.9)

where 4 is a bounded rational function The exact condition {3.17) {with
a==(} is automatically satisfied. On the other hand, the ccefficients are
determined by requiring the exact condition (3.27) and the continuity
condition of p(r) at r=Ai In the sticky hard-sphere limit,
A7 s (gt ey SPBYSINA 1), and the results derived in this paper
are recovered. Equation {5.1) is suggested by the known low-density
behavior of g(r) and also by the exact form of F(¢} for the one-dimensional
square-well systern. This is justified by the fact that, despite the important
physical differences between the RDF of sticky hard rods and that of
sticky hard spheres, they exhibit, in the framework of our approximate
method, a very close mathematical structure in the Laplace space, where
the dimensionality essentially plays a merely geometrical role. Of course,
this formal similarity is not expected to hold exactly.

3 Note two misprints in ref. 1: the factor # in the denominater of Eg (317} should be
removed; in Eq. (3.18), the sign in front of {1 +2y) should be minus.
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APPENINX

In this appendix we show that the RDF obtained in Section 4 for
sticky hard rods is exact.

In 1953, Salsburg et al.'?) were able to derive exact expressions for the
distribution functions in a one-dimensional fluid whose particles interact
with a nearest-neighbor pair potential. This includes the case of sticky hard
rods. Taking the Laplace transform on the thermodynamic limit of
Eq. (23b) of ref. 12, we easily get {3.11) with

Q(r+c)

F)=~ Al
(1) ’? o (A1)
where
oy={" dre~"[fir)+1] (A2)
1]
and the real constant ¢ is determined by the condition
2'(c)
-+ = A3
TR )

In the case of sticky hard rods the Mayer function is given by {2.12),
so that

Oty m e (w%) (A4)

and (Al) becomes

P14+ Fa/(l+ac)]t

= =70 (A3)
The condition for ¢, Eq. (A3), takes the form
I 1
n T e (46)

If we identify L) = o/{1 + ac) and § = l/¢, Eq. (4.5) is automatically
satisfied and Eq. (4.3) is equivalent to {A6). Consequently, the exact form
of the function F(r), Eq. (A5), coincides with the one obtained in this

paper, Eq. (4.2},
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