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Abstract. An implicit finite difference method with non-uniform
timesteps for solving fractional diffusion and diffusion-wave equations
in the Caputo form is presented. The non-uniformity of the timesteps
allows one to adapt their size to the behaviour of the solution, which
leads to large reductions in the computational time required to ob-
tain the numerical solution without loss of accuracy. The stability of
the method has been proved recently for the case of diffusion equations;
for diffusion-wave equations its stability, although not proven, has been
checked through extensive numerical calculations.

1 Introduction

Fractional derivatives and fractional integrals are the basis of the fractional calculus,
for long a relatively obscure branch of mathematics whose origins go back to Leibniz
[1]. However, in recent years, the usefulness of these integro-differential operators
to analyze and solve problems in, e.g., Physics, Economics, Biology, and Chemistry
[2–12], has been increasingly recognized. A field of especial interest is that of fractional
differential equations (FDE) [3,4]. For example, some anomalous diffusion processes
accounted for by the Continuos Time Random Walk model are well described by
fractional diffusion equations [5,6,13].
Different analytical methods have been considered to solve FDE (method of im-

ages, separation of variables, integral transform method, . . . ) [4,5,14–17] but, as for
non-fractional problems, no solution is available in many cases and one has to resort
to numerical methods. The development and analysis of numerical methods for FDE
is a very active field of investigation today [18–35]. In particular, finite difference
methods have been intensively studied, but, with the exception of a few works (e.g.,
a recent paper by Skovranek et al. [28], some works by Mustapha et al. [29,30], or
a previous paper by the authors [31]), the size of the timesteps is always taken as
constant. However, to have at one’s disposal methods with variable timesteps would
be very convenient because they would allow the implementation of adaptive methods
where the size of the timesteps is tailored in accordance with the behaviour of the
solution: small timesteps are employed when the solution changes rapidly in order to
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maintain the accuracy of the method, but large timesteps can be used wherever the
function’s variation is smooth, which usually leads to much faster methods than those
with fixed timesteps. In particular, the length of the timesteps can be chosen so that
the error is smaller than a prefixed value. This idea is developed in this paper.
We present a finite difference method with non-uniform timesteps to solve both

subdiffusion and diffusion-wave equations. The method was already considered in [31]
for subdiffusion equations. However, the adaptive algorithm we discuss in this article
is different. Regarding the stability of the method for diffusion-wave equations, it is
remarkable that the Von Neumann (or Fourier) stability analysis, so successful for
the subdiffusive case [19,20,32], seems inappropriate to assert the stability of the dif-
ference algorithm for diffusion-wave equation when variable timesteps are considered.
Nonetheless, in practical terms, we have always found that the algorithm behaves
stably despite the extremely different timestep distributions we have used to test its
stability.
The structure of the present paper is as follows. In Sect. 2 we present the finite

difference algorithm with non-uniform timesteps for both subdiffusion and diffusion-
wave equations. In Sect. 3 we describe the adaptive procedure, i.e., the criterion we
have employed to choose the size of the timesteps. We present in Sect. 4 some nu-
merical results obtained by means of this method for a subdiffusion problem and a
diffusion-wave problem both with known exact solution. We end with some conclu-
sions in Sect. 5.

2 The subdiffusion and diffusion-wave implicit algorithms

We shall consider the fractional subdiffusion and diffusion-wave equations in the
Caputo form

∂u = F (1)

with

∂ ≡ ∂
γ

∂tγ
−K ∂

2

∂x2
, (2)

where
∂γ

∂tγ
y(t) ≡ 1

Γ(1− γ)
∫ t
0

dτ
1

(t− τ)γ
dy(τ)

dτ
, 0 < γ < 1, (3)

is the Caputo fractional derivative for the subdiffusion equation and

∂γ

∂tγ
y(t) ≡ 1

Γ(2− γ)
∫ t
0

dτ
1

(t− τ)γ−1
d2y(τ)

dτ2
, 1 < γ < 2, (4)

is the Caputo fractional derivative for the diffusion-wave equation. The function
F (x, t) is a given source term.
The two difference schemes we develop in this paper are obtained by discretizing

(i) the Laplacian with the three-point centred formula, and (ii) the Caputo derivatives
(3) and (4) by means of a generalization of the L1 and L2 formulae, respectively, to
non-uniform meshes. The resulting algorithm is second-order accurate in the spatial
mesh size and first-order accurate in the timestep size. For a uniform temporal mesh,
the algorithm corresponding to the subdiffusion equation becomes the one discussed
by Liu et al. [33] and Murio [32], whereas it becomes the algorithm discussed by the
authors in [35] in the case of diffusion-wave equations.
In general, in order to build a numerical difference scheme, one starts by consider-

ing a mesh in the space-time region where one wants to obtain the numerical estimate

U
(m)
j of the exact solution u(xj , tm) = u

(m)
j , with (xj , tm) being the coordinates of



Dynamics of Fractional Partial Differential Equations 1989

the (j,m) node of the mesh. Next, one replaces the continuous operator ∂ of the
equation ∂u = F one has to solve by a difference operator δ and a truncation error
R(x, t): ∂u = δu+R. For example, the continuous operators that define ∂ in Eq. (2)
are replaced by

∂γ

∂tγ
u(x, t) = δγt u(x, t) +Rt(x, t), (5)

∂2

∂x2
u(x, t) = δ2xu(x, t) +Rx(x, t), (6)

with δγt and δ
2
x being the corresponding difference operators. This way one gets

[
δγt −Kδ2x

]
u(x, t) = R(x, t) + F (x, t) (7)

where R(x, t) = KRx(x, t) − Rt(x, t). In this case δ = δγt − Kδ2x. Neglecting the
truncation term, R(x, t), one gets a difference equation δU = F whose solution leads
to the finite difference estimate of the exact solution u(x, t) at the mesh points. For
a given operator ∂ one can consider many different difference operators δ, and hence
many different finite difference methods for solving ∂u = F . In this paper we assume
that the spatial size of the mesh xj+1− xj = Δx is constant, and use the three-point
centred formula to approximate ∂2/∂x2 by

δ2xu(xj , t) =
u(xj+1, t)− 2u(xj , t) + u(xj−1, t)

(Δx)2
· (8)

In this case Rx(xj , t) = O(Δx)
2.

2.1 The subdiffusion algorithm

For the fractional Caputo derivative we choose a discretized operator δγt that is a
generalization to non-uniform meshes of the L1 formula [1]:

δγt u(x, tn) =
1

Γ(2− γ)
n−1∑
m=0

T (γ)m,n [u(x, tm+1)− u(x, tm)] , (9)

where [31]

T (γ)m,n =
(tn − tm)1−γ − (tn − tm+1)1−γ

tm+1 − tm , m ≤ n− 1, (10)

and Rt(x, tn) is of order t
1−γ
n max0≤m≤n−1 (tm+1 − tm). Therefore the truncation er-

ror is

R(xj , tn) = O(Δx)
2 + t1−γn O

[
max

0≤m≤n−1
(tm+1 − tm)

]
, (11)

which goes to zero when the spacing of the time-spatial mesh goes to zero. This means
that the method is consistent [36]. Hence, introducing (8) and (9) into δ = δγt −Kδ2x,
the finite difference equation δU = F we have to solve becomes, after multiplying it
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Fig. 1. Solution at the mid-point, u(xk = π/2, t), of the subdiffusion problem described in
the main text when γ = 1/2. Solid line: exact solution; squares: adaptive numerical solution

U
(n)
k up to n = 45 (t45 = 9.6268) and τ̄ = 5×10−4; stars: U (n)k up to n = 112 (t112 = 9.1690)
and τ̄ = 10−4. In both cases Δ0 = 0.01 and Δx = π/40.

by (tn − tn−1)γ ,
n−1∑
m=0

T̃ (γ)m,n

[
U
(m+1)
j − U (m)j

]
− Sn[U (n)j+1 − 2U (n)j + U

(n)
j−1] = G

(n)
j (12)

where

Sn = Γ(2− γ)K (tn − tn−1)
γ

(Δx)2
, (13)

T̃ (γ)m,n = (tn − tn−1)γT (γ)m,n, (14)

G
(n)
j = Γ(2− γ)(tn − tn−1)γF (xn, tn). (15)

Reordering (12) and taking into account that T̃
(γ)
n−1,n = 1, we get the (implicit) finite

difference scheme we were looking for:

−Sn U (n)j+1 + (1 + 2Sn)U (n)j − Sn U (n)j−1 = U (n−1)j −
n−2∑
m=0

T̃ (γ)m,n

[
U
(m+1)
j − U (m)j

]
+G

(n)
j .

(16)

It is interesting to note that, if one discretizes the Caputo derivative at time tn+1 and
the Laplacian at time tn, then one straightforwardly gets an explicit finite difference
scheme. We will not explore this explicit method here because it is unstable if, for a
given set of parameters γ, Δx, and K, the timesteps are not small enough.
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Fig. 2. Logarithmic plot of the numerical errors at the mid-point, |u(π/2, tn) − U (n)k | of
(i) the adaptive method with τ̄ = 5 × 10−4, Δ0 = 0.01 (squares, 45 timesteps, CPU time
≈ 0.15s ); (ii) the adaptive method with τ̄ = 10−4 and Δ0 = 0.01 (stars, 112 timesteps,
CPU time ≈ 0.75s); (iii) the method with constant timesteps of size Δn = 0.01 (triangles,
1010 timesteps, CPU time ≈ 440s); and (iv) the method with uniform timesteps of size
Δn = 0.001 (circles, 10100 timesteps, CPU time ≈ 43800s). In all cases γ = 1/2 and Δx =
π/40.

2.2 The diffusion-wave algorithm

For the fractional Caputo derivative we choose a discretized operator δγt that is a
generalization of the L2 formula [1] for non-uniform meshes:

δγt u(x, tn) =
1

Γ(3− γ)
n−1∑
m=0

{
A(γ)m,n [u(x, tm+1)− u(x, tm)]

−B(γ)m,n [u(x, tm)− u(x, tm−1)]
}

(17)

where

Am,n = 2
(tn − tm)2−γ − (tn − tm+1)2−γ
(tm+1 − tm)(tm+1 − tm−1) , (18)

Bm,n = 2
(tn − tm)2−γ − (tn − tm+1)2−γ
(tm − tm−1)(tm+1 − tm−1) , (19)

and Rt(x, tn) is of order t
2−γ
n max0≤m≤n−1 (tm+1 − tm). Therefore the truncation

error is

R(xj , tn) = O(Δx)
2 + t2−γn O

[
max

0≤m≤n−1
(tm+1 − tm)

]
. (20)
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Fig. 3. Exact solution (lines) and adaptive numerical solution (symbols) of the subdiffusion
problem described in the main text for γ = 1/2 and t27 = 0.109 (squares), t82 = 1.009
(circles), t99 = 3.089 (stars), and t107 = 5.969 (triangles), with τ̄ = 10

−4, Δ0 = 0.01, and
Δx = π/40.

This quantity goes to zero when the spacing of the time-spatial mesh goes to
zero, which implies that the method is consistent [36]. Introducing (8) and (17) into
δ = δγt −Kδ2x one gets the finite difference equation we were looking for:

−Sn U (n)j+1 + (1 + 2Sn)U (n)j − Sn U (n)j−1 = U (n−1)j +
tn − tn−1
tn−1 − tn−2

[
U
(n−1)
j − U (n−2)j

]

−
n−2∑
m=0

(
Âm,n

[
U
(m+1)
j − U (m)j

]
− B̂m,n

[
U
(m)
j − U (m−1)j

])
+G

(n)
j (21)

with the empty sum convention if n = 1 and

Âm,n =
tn − tn−2

2(tn − tn−1)1−γAm,n, (22)

B̂m,n =
tn − tn−2

2(tn − tn−1)1−γBm,n, (23)

Sn =
K(tn − tn−2)Γ(3− γ)
2(tn − tn−1)1−γ(Δx)2 · (24)

Finally, it is worth mentioning that, as in the case of the subdiffusion equation, if
one discretizes the Caputo derivative at time tn+1 and the Laplacian at time tn, then
one gets an explicit finite difference scheme. Again, we will not explore this explicit
method here because it is unstable if, for a given set of parameters γ, Δx, and K,
the timesteps are not small enough.
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Fig. 4. Solutions at the mid-point x = π/2 for the fractional diffusion-wave problem de-
scribed in the main text with γ = 3/2. Solid line: exact solution; symbols: adaptive method
with τ̄ = 10−4 up to time t100 = 13.1958 (squares), τ̄ = 10−5 up to time t150 = 11.3309
(circles), and τ̄ = 10−6 up to time t300 = 9.9783 (triangles). In all cases Δx = π/40 and
Δ0 = 0.01

3 The adaptive method

In order to solve Eq. (1) by means of the scheme (16) we have developed an adaptive

method that is as follows. Let us assume we have already evaluated U
(m)
j form ≤ n−1.

The time tn of the n-th step is chosen in the following way. To initialize the adaptive
algorithm, we assume the size of the n-th timestep is equal to the size of the previous
timestep (i.e., Δn = Δn−1, where Δm = tm − tm−1), and then we estimate the
solution at tn, which we denote by Û

(n)
j . Next we estimate the solution again at time

tn but using now two timesteps of size Δn/2. We denote the corresponding solution

by Ū
(n)
j . If the difference between these two values at a given position, say x = xk,

Δ̄ = |Û (n)k − Ū (n)k |, is greater than a prefixed quantity τ̄ (tolerance), we halve the size
of the n-th timestep, Δn → Δn/2, and repeat the procedure until the difference Δ̄
is less than τ̄ . In this case, we take the last values of Û

(n)
j as the solution at tn. On

the contrary, if the initial difference Δ̄ is less than τ̄ , then we double the value of the
timestep, Δn → 2Δn, and repeat the procedure until the difference Δ̄ is greater than
τ̄ . When this occurs, we take the last values of Û

(n)
j (the values obtained when the

difference Δ̄ was less than τ̄) as the solution at tn.
For the subdiffusion equation, the first value of Δ0, i.e., the first value of t1, has

to be conjectured. Note that this value should be chosen taking into account the
value of the tolerance because, for example, it would be inefficient to employ a very
large initial value for Δ0 if the chosen prescribed tolerance is very small. Anyway,
unless unrealistic bad initial guesses are made, one expects the method will be able
to quickly reach an initial timestep compatible with the prescribed tolerance. For
the diffusion-wave equation, one has to choose, besides τ̄ and t1, the value of t−1.
The value of Û

(−1)
j is then fixed so that the initial condition that involves the time
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Fig. 5. Numerical errors at the mid-point, |u(π/2, tn) − Unk |, of the adaptive method for
the fractional diffusion-wave equation described in the main text with γ = 3/2 when τ̄ =
5× 10−4 (squares), τ̄ = 10−5 (circles), and τ̄ = 10−6 (triangles). In all cases Δ0 = 0.01 and
Δx = π/40.

derivative holds. This procedure is not different from that usually employed in non-
fractional equations. In our numerical calculations we have always taken Δ1 = Δ0.
Apart from its simplicity, this choice has another advantage: it turns out that the
algorithm for the diffusion-wave equation worsens when the lengths of two successive
timesteps, Δm and Δm−1, are too different (although it seems that even in this case
the algorithm is stable; see Sect. 4). For this reason we have restricted the ratio
between the lengths of two successive timesteps, |Δm/Δm−1| or |Δm−1/Δm|, to be
smaller than a given value. In our numerical computations we use the value 1.1.

4 Numerical results

4.1 Subdiffusion problem

The subdiffusion problem we are going to consider is given by the equation

∂γu

∂tγ
= K

∂2u

∂x2
, 0 < γ < 1, (25)

defined in the interval 0 ≤ x ≤ π, with absorbing boundary conditions, u(x = 0, t) =
u(x = π, t) = 0, initial condition u(x, 0) = sinx and K = 1. Its exact solution is

u(x, t) = Eγ(−tγ) sin(x) (26)

where Eγ is the Mittag-Leffler function [4,7].
The results we are going to show correspond to γ = 0.5, which is a representative

value; the election of other values for γ leads to similar results. In Fig. 1 the exact
values of u(0, t) are compared with their corresponding numerical estimates obtained
by means of our present adaptive algorithm. We have used Δ0 = 0.01 and two different
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Fig. 6. Numerical errors at the mid-point,
∣
∣
∣u(π/2, tn)− U (n)k

∣
∣
∣, of the adaptive method

for the fractional diffusion-wave equation described in the main text with γ = 3/2 when
Δ0 = 0.001 (squares), Δ0 = 0.01 (circles), and Δ0 = 0.1 (triangles). In all cases τ̄ = 10

−5

and Δx = π/40.

values for the tolerance, τ̄ = 5 × 10−4 and τ̄ = 10−4, with Δ̄ = |Û (n+1)k − Ū (n+1)k |
being evaluated at the midpoint, i.e., we choose xk = π/2. The differences between
the exact solution and the numerical estimates are shown in Fig. 2. We see that
the results provided by the adaptive method are quite good, improving when the
tolerance decreases. Note that the numerical integration is able to span a large time
interval with a relatively small number of timesteps while keeping the accuracy of
the method around 10−3 (or even lower when τ̄ = 10−4 is employed). For the sake of
comparison, we also show the error of the algorithm when the size of the timesteps is
fixed. In this case, the errors of the numerical integration for short times are larger
than those found when the adaptive procedure is used, although these errors decrease
fast, and they quickly become smaller than those of the adaptive procedure. That
is, the algorithm with fixed timesteps leads to quite uneven errors: in order to keep
the errors reasonably small for some times one has to assume too much (and in some
cases, irrelevant) precision for other time regimes. Besides, it should be noted that
the number of steps required by the method with fixed timesteps is much larger than
the number required by the adaptive method. This implies the use of much larger
quantities of computer memory and much longer computation times. For example, the
CPU time we needed to obtain the numerical results shown in Fig. 2 for Δn = 0.001
was well above 104 times the time required to obtain the solution by means of the
adaptive method where τ̄ = 10−4. Finally, in Fig. 3 we plot the exact solution u(x, t)
versus x for different values of t and the corresponding estimates obtained by means
of the adaptive method with τ̄ = 10−4 and Δ0 = 0.01. The agreement is excellent.

4.2 Diffusion-wave problem

The diffusion-wave problem we will deal with now is given by Eq. (25) defined in
the interval 0 ≤ x ≤ π, with 1 < γ < 2, K = 1, absorbing boundary conditions,
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Fig. 7. Exact solution (lines) and adaptive numerical solution (symbols) of the diffusion-
wave problem described in the main text for γ = 3/2 and t16 = 0.105 (squares), t84 = 1.006
(circles), t156 = 3.015 (stars), and t233 = 5.741 (triangles), with τ = 10

−6, Δ0 = 0.01 and
Δx = π/40.

u(x = 0, t) = u(x = π, t) = 0, and initial conditions u(x, 0) = sinx and
∂u(x, t)/∂t|t=0 = 0. The solution is again given by Eq. (26).
In what follows we always use γ = 3/2 as a representative value; similar results

are obtained for other values of γ belonging to the interval 1 < γ < 2. In Fig. 4 the
exact solution at the midpoint x = π/2, u(π/2, t), is compared with the numerical
solutions obtained for three different values of τ̄ . This comparison is carried out in a
more detailed way in Fig. 5 where the errors of the numerical calculations are shown.
One clearly sees that the accuracy of the method improves when τ̄ decreases. On the
other hand, in Fig. 6 we show the error of the numerical method for three different
values of Δ0 when the tolerance τ̄ is fixed. No pattern is appreciated here as the
middle value of Δ0 seems to be, overall, the best of the three values. Finally, in Fig. 7
we have plotted the exact and numerical solutions versus the position x for several
times. As expected from the results shown in Fig. 4, the agreement between the exact
values and the numerical estimates is very good.
As we mentioned in Sect. 1, we have not been able to prove that the present finite

difference method with non-uniform timesteps for diffusion-wave equations is stable.
The von-Neumann stability analysis, so successful for the subdiffusion algorithm,
seems useless for the diffusion-wave algorithm as we have not found any rigorous
constraint for the growth of the amplitude of the diffusion-wave modes. However, we
have carried out very extensive calculations and considered a large variety of timestep
functions (including random distributions), and we have always found well-behaved
(i.e., stable) numerical solutions.

5 Conluding remarks

We have studied a finite difference method with non-uniform timesteps for fractional
diffusion and diffusion-wave equations in which the time derivative is a fractional
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derivative in the Caputo form. The scheme is obtained by discretizing (i) the Laplacian
with the three-point centred formula and (ii) the Caputo derivative with a general-
ization of the L1 [L2] formula to non-uniform meshes for the diffusion [diffusion-wave]
equation. It is second-order accurate in the spatial mesh size and first-order accurate
in the timestep size.

The flexibility in the choice of the size of the timesteps allows one to build adap-
tive methods where these timesteps are determined according to the behaviour of the
solution. Typically, one chooses small timesteps when the solution changes fast and
large timesteps when the solution changes slowly. This keeps the numerical errors
small and reduces the number of steps needed to get the numerical solution up to
a given time. This reduction in the number of timesteps is especially relevant for
fractional problems because the number of operations required to calculate the nu-
merical solution scales roughly as the square of the number of timesteps, so that this
reduction greatly decreases the computer memory and CPU time requirements.

In this paper we have employed an adaptive procedure in which the size of the
timesteps is determined so that the difference between the numerical result obtained
at time tn+1 by means of one timestep of size tn+1 − tn and the numerical result
obtained by using two timesteps of half the size, (tn+1 − tn)/2, is, in absolute value,
smaller than an arbitrary prefixed quantity (the tolerance). We have found that the
proposed method is excellent both in terms of accuracy and computational efficiency
for subdiffusion equations. However, for diffusion-wave equations we have found that
the results, although still reasonable, are not as good as for the subdiffusion equation.
Moreover, whereas the stability of the difference method with non-uniform timesteps
has been proven for the subdiffusion algorithm, no similar proof has been provided for
the diffusion-wave algorithm. Nevertheless, we have never found any sign of instabil-
ity despite extensive numerical tests with extremely different timestep distributions.
Anyway, either improvement of the present method or a proposal of alternative algo-
rithms with non-uniform timesteps for the case of diffusion-wave equations would be
desirable.

This work was partially supported by the Ministerio de Ciencia y Tecnoloǵıa (Spain)
through Grant No. FIS2007-60977 and by the Junta de Extremadura (Spain) through Grant
No. GRU09038.
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