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The Chemical Potential
▶ Maxwell-Boltzmann statistics:

ni = gieβµe−βϵi ,

where gi is the degeneracy of the state i with energy ϵi and µ is
the chemical potential.

▶ We fix the chemical potential using the condition

N =
∑

i

ni →

∫
d3x d3p

h3 gieβµe−β
p

2
2m ,

where we have assumed that the ideal gas is composed by
non-relativistic particles.

▶ Accordingly

n =
N
V
=

gieβµ

h3

∫
d3p e−β

p
2

2m ,

▶ Notice ∫
d3p e−β

p
2
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The Chemical Potential
▶ Using ∫ ∞

−∞

du e−αu2
=

√
π

α
,

we can write ∫ ∞

−∞

dpx e−βp
2
x/(2m) =

(
2πm
β

)1/2

.

▶ Hence

n = gieβµ
(2πmkBT)3/2

h3 .

[Remember β ≡ 1/(kBT).]
▶ And the chemical potential is given by

eβµ =
nh3

gi (2πmkBT)3/2



Recombination of Hydrogen: Saha equation

▶ The right approach is the use of the Boltzmann equation (out of
equilibrium situation).

▶ Recombination: e− + p↔ H + γ.
▶ We assume that

Γ(e− + p↔ H + γ; t) ≫ H(t) .

[Notice: Γ = ⟨nσv⟩.]
▶ Ingredients: protons, electrons (relics) and photons.
▶ We consider e−, p and H non relativistic ideal gases (T ≪ 0.5

MeV).
▶ The chemical potentials satisfy

µe− + µp = µH + µγ = µH



▶ with

eβµp =
nph3

2
(
2πmpkBT

)3/2 ,

eβµe =
neh3

2 (2πmekBT)3/2 ,

eβµH =
nHh3

4 (2πmHkBT)3/2 ,

where we have used gp = 2, ge− = 2 and g4 = 2 × 2 = 4.
▶ All three chemical potentials (µp, µe and µH) are measured from the

minimum of the Hamiltonian: zero for protons and electrons and in the
case of the Hydrogen from its ground state, with energy −13.6 eV. So,

µH = Ed + µH ,with Ed ≡ +13.6 eV

and

eβµH =
nHh3

4 (2πmHkBT)3/2 e−βEd .

▶ In this way, all three chemical potentials (µp, µe and µH) are computed
from the E = 0 level.



▶ Using µp + µe = µH we get

npneh3

(2πkBT)3/2(memp)3/2 =
nHe−βEd

m3/2
H

.

▶ At this point, we assume:
1. mH ≃ mp.
2. Neutral universe: ne = np.

▶ Therefore
nH

np
=

nph3

(2πkBTme)3/2 eβEd .

▶ We define

X ≡
np

np + nH
, Z ≡

nH

np
so X = 1/(Z + 1) .

▶ We also define the temperature of the recombination, TR, when
Z = 1 or X = 1/2.



▶ The known interactions among particles do not violate the
baryon number.

▶ Since the co-moving entropy is also conserved, then nB/s is
constant.

▶ As T ≤ 0.5 MeV, s ∝ nγ, therefore

nB

nγ
= const

▶ We recall
1. nγ = 20.28 T3 photon/cm3.
2. Today, T0 = 2.725 K, so nγ,0 = 4.1 × 108 photon/m3.
3. ρc,0 = 3H2

0/(8πG) = 1.88× 10−26h2 kg/m3. Remember H0 = 100h
km/(s Mpc).

4. ΩB ≡ ρB,0/ρc,0.
5. We assume all the baryons are protons [But 10% of the matter are

Helium atoms with neutrons!].
▶ nB = ρB/mp = 11.3(ΩBh2) baryon/m3.
▶ η ≡ nB/nγ = 11.3(ΩBh2)/(4.1 × 108) = 2.77 × 10−8(ΩBh2).

▶ Using ΩBh2 = 0.0226 (obs) then η = 6.08 × 10−10 which is
constant!



▶ Remember, the equation to solve (Z = 1 at T = TR) is

1 =
nph3

(2πkBTRme)3/2 eEd/(kBTR) ,

with np =
1
2ηnγ [Remember Z = 1].

▶ The solution is TR ≃ 0.32 eV and 1 + zR = TR/T0 = 1493.
Approx. 300 000 years after the BB.



More

We define
Xe =

ne

nB
=

np

nB
,

then
1 − Xe

X2
e
=

(nB − np)nB

n2
p

=
nHnB

n2
p
,

where we have assumed that all the barions are protons and nB = np + nH .
Therefore

1 − Xe

X2
e
=

nBh3

(2πkBTme)3/2 eEd/(kBT) ,

or
1 − Xe

X2
e
=

ηnγh3

(2πkBTme)3/2 eEd/(kBT) .

Another definition of TR is X(TR) = 1/10, solving the equation, we obtain
TR = 0.298 eV.
[Remember: This is a good approximation assuming equilibrium, which is
not fully true!].



Decoupling of photons
▶ It occurred slightly after the recombination.
▶ Photons are in thermal equilibrium via reactions

e± + γ ↔ e± + γ .

▶ The decoupling temperature is defined via

Γ(Td) = H(Td) ,

where Γ ≃ neσTc. σT = (8π/3)
(
e2/(4πϵ0mec2)

)2
is the

Thomson cross section.
▶ In general

ȧ
a
= H(t) = H(T) = H0

(
ΩV + ΩM(a0/a)3 + ΩR(a0/a)4 + Ωk(a0/a)2

)1/2
.

▶ The universe is matter-dominated, so

H(T) = H0
√
ΩM

(
T
T0

)3/2

,

where we have used a0/a = T/T0. All the T’s are the
temperature of the photons.



▶ By using ne = XenB and nB = ηnγ, we can write

H0
√
ΩM

(
Td

T0

)3/2

= Xe(Td)ηnγ(Td)σTc .

▶ ΩM = 0.31 (obs) and σT = 6.7 × 10−29 m2, we obtain

X2/3
e (Td)Td ≃ 9.2 × 10−3 eV

▶ Remember that Xe satisfies the Saha equation

1 − Xe

X2
e
= 7 × 10−8 exp(13.6/T(eV)) .

▶ The solution of both equations is Td ≃ 0.27 eV, so
X(Td) = 0.0063 and 1 + zd = Td/T0 ≃ 1000.


