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▶ The starting point is the use of the Einstein’s equations

Rµν = Sµν ,

where

Sµν = 8πG
(
Tµν −

1
2

gµνT
ρ
ρ

)
.

and the Robertson-Walker metric

ds2 = −dt2 + a2(t)
(

dr2

1 − Kr2 + r2(dθ2 + sin2 θ dϕ2)
)
.

▶ Assuming the energy-momentum tensor for an ideal fluid

Tµν = pgµν + (p + ρ)uµuν .

and a co-moving observer

uµ = (1, 0, 0, 0) ,

we obtain

T ≡ T µ
µ = pg µ

µ + (p + g)u2 = 4p − (ρ + p) = 3p − ρ .



▶ Using the metric and uµ we can compute the tensor Sµν, the
nonzero components are

Stt = 4πG (3p + ρ) ,

Srr = 4πG (p − ρ)
a2(t)

1 − Kr2 ,

Sθθ = 4πG (p − ρ) a2(t)r2 ,

Sϕϕ = 4πG (p − ρ) a2(t)r2 sin2 θ .

▶ Using Mathematica or SageManifolds we can write the
following nonzero components of the Ricci tensor [ȧ ≡ da/dt]:

Rtt = −3ä/a ,

Rrr =
2K + 2ȧ2 + aä

1 − Kr2 ,

Rθθ = r2
(
2(K + ȧ2) + aä

)
,

Rϕϕ = r2 sin2 θ
(
2(K + ȧ2) + aä

)
.



Therefore one can write the Einstein’s equations as
▶ t:

−3
ä
a
= 4πG(3p + ρ)

▶ r, θ, ϕ:

2K + 2ȧ2 + aä = 4πG(ρ − p)a2

And finally:

ȧ2 + K =
8πG

3
ρa2



The second ingredient to complete the Friedmann equations is to use
the conservation of the energy-momentum tensor:

∇βTαβ = 0 .

The component t of this conservation law is written as

∂T tβ

∂xβ
+ Γt
βγT
γβ + Γ

β
βγT

tγ = 0 .

Notice that Tαβ is diagonal and T tt = ρ.
▶

∂T tβ

∂xβ
=
∂T tt

∂t
= ρ̇

Trr = pgrr = p(1 − Kr2)/a2

Tθθ = pgθθ = p/(a2r2)

Tϕϕ = pgϕϕ = p/(a2r2 sin2 θ)
▶ Using the nonzero Christoffel symbols (SageManifolds), we

finally get:

ρ̇ + 3(ρ + p)
ȧ
a
= 0



The component r of this conservation law is written as

∂Trβ

∂xβ
+ Γr
βγT
γβ + Γ

β
βγT

rγ = 0

∂Trr

∂r
=
∂

∂r

(
p(1 − Kr2)

a2

)
= −2pKr/a2

obtaining
0 = 0

and the same for the components θ and ϕ.



Cosmological Constant (Vacuum Energy)
The energy-momentum tensor of the vacuum must be written as
(using Lorentz invariance)

Tµνvac ∝ gµν

Assuming the usual form of this tensor for an ideal fluid

Tµν = pgµν + (p + ρ)uµuν

then
p = −ρ

Another derivation.
▶ ρ is positive and constant.
▶ First principle of Thermodynamics and adiabatic evolution:

0 = dU + pdV = d(ρa3) + pda3

▶ Therefore, ρ = −p.



Behavior of the matter and energy: The equation of state

Consider one of the Friedmann equations

ρ̇ + 3(ρ + p)
ȧ
a
= 0

and the equation of state (which defines ω)

p = ωρ

obtaining
ρ̇

ρ
= −3(1 + ω)

ȧ
a

whose solution is
ρ ∼ a−3(1+ω)



Examples:
▶ Cold matter (dust): p = 0 and then ω = 0, so

ρ ∼ a−3

▶ Hot matter (e.g. ultrarelativistic particles, radiation): p = ρ/3, so
ω = 1/3, then

ρ ∼ a−4

▶ Vacuum energy (Cosmological constant): p = −ρ, then ω = −1
and

ρ ∼ const


