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The Boltzmann equation

(1844-1906)

(Cartoon by Bernhard Reischl, University of Vienna)
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Weak form of the Boltzmann

equation
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Hierarchy of moment equations

oW
ot

(v) = polynomial of degree k = W = velocity moment of degree k

aff) — velocity moment of degree k—1, if F = F(v)

b,

» = velocity moment of degree |k + 1

J /

b = bilinear combination of velocity moments of any degree
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Maxwell molecules

On the Dynamical Theory of Gases
Phil. Trans. Roy. Soc. (London) 157, 49-88 (1867)

In the present paper | propose to consider the molecules
of a gas, not as elastic spheres of definite radius, but as
small bodies or groups of smaller molecules repelling one
another with a force whose direction always passes very
nearly through the centres of gravity of the molecules, and
whose magnitude is represented very nearly by some zEacax
function of the distance of the centres of gravity. (1831-1879)

| have made this modification of the theory in consequence of the results of my
experiments on the viscosity of air at different temperatures, and | have deduced
from these experiments that the repulsion is inversely as the fifth power of the
distance.

| have found by experiment that the coefficient of viscosity in a given gas is
iIndependent of the density, and proportional to the absolute temperature, so that if
ET be the viscosity, ET o p/p.
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Maxwell molecules

o(r) ~ =% = gB(g,x) = B(x)

True Maxwell potential (inverse power law, IPL):

x(B) = —2 [0 dp’ [1 -7 -%(3) ]

~1/2

B(X) Slhx dX

Variable soft-sphere (VSS) model: B(y) = cos2(@=1) %, a = 2.13986

Variable hard-sphere (VHS) model: B(x) = const, a=1
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Properties of the collisional
moments in Maxwell models

If ¢(v) = polynomial of degree k
then

Jy, = bilinear combination of velocity moments

of degree equal to or smaller than &
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Properties of the collisional
moments in Maxwell models.
Eigenfunctions and eigenvalues
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Properties of the eigenvalues in
Maxwell models
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Navier-Stokes constitutive
equations

2
. ?nkBT
2 m)\11
Ido Navier George Gabriel Stokes
(1785-1836) ; (1819-1903)
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1. Steady planar Fourier flow

Jean-Baptiste Joseph F s
(1768-1830)



Asmolov, Makashev, and Nosik (1979) proved that an exact
solution of the (nonlinear) Boltzmann equation for Maxwell
molecules exists with

p = nkpl = const

u=20
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Dimensionless guantities

(Local) Knudsen number:

~ \2kgT/m dInT
_ )\11 82

€

Reduced distribution function:

1

2hpT(2) ] 3/2

T

o(cse) = - f(z,v) “Normal” solution (Bulk)

Reduced moments:

M(€) = [ dc U..0(c)o(c;€)
M,¢(€) = [dec® cto(c;e) = Linear Combination{ M,y 2¢" + (' < 2r + (}
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Hierarchy of moment equations

€ | 1 jz T o T 2r {
2<2r+£ 1 eae)ﬂfr,m(e) = = [ deecLlelo(e). ofc)

— J}E()

The hierarchy admits a solution whereby the moments M, ,(€) (with
2r +{ > 2) are polynomials in € of degree 2r + { — 2 and parity {:
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Z p, ej, —Olfj+f—0dd

J

Both sides of the hlerarchy are polynomials of degree 2r+{—2. Equat-
(r£)

ing the coefficients of both sides allows one to get y recursively
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Sketch of the sequence followed in the recursive
(r£)

J

determination of the coefficients u




First few moments
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First few moments
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Benchmark for DSMC
simulations

ar(€) 1:)\/_ (—1)" 1! M,1(€)
Z (k —7r)!l(r +3/2)! Mi1(€)

— Poly 1101111&11 of degree 2k — 2

Gallis et al., Phys. Fluids 18, 017104 (2006)
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BGK description

Same qualitative results for moments.
Full velocity distribution function ¢(c;e).

Divergence of the (CE) expansion of
®(C;€) In powers of e.



2. Steady planar Fourier flow with
gravity (Rayleigh-Bénard-like flow)

Henri Bénard
(1874-1939)



Perturbation analysis

Tij, Garz6, and Santos, Phys. Rev. E 56, 6729 (1997)

_ g 9T N L \*
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akin to the Rayleigh number
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Pure Fourier flow
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Corrections to Navier-Stokes
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Corrections to Navier-Stokes
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BGK description

Same qualitative results.
Moments up to order ~°.

Divergence of the expansion in powers
of ~.



3. Steady planar Couette flow

+ AR
gy
| a—
Maurice Couette
(1858-1943)




Makashev and Nosik (1981) proved that an exact solution of
the (nonlinear) Boltzmann equation for Maxwell molecules
exists with

p = nkgl = const

1 Ou,
)\02 0z

= a = const (2nd Knudsen number)

Jdz 0Oz bk

a”f(a)|=—const
NSS: 6(a)=1

Moment Methods in Kinetic Theory, ETH Zurich, 6-8 November 2008 29



Dimensionless guantities

Knudsen numbers:

\/2kBT/m OlnT 1 Ou,
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Hierarchy of moment equations
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Corrections to Navier-Stokes
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Perturbation analysis

Tij and Santos, Phys. Fluids 7, 2857 (1995)
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Benchmark for DSMC

simulations
ble) 13\/‘ (—1)" Yk -1)!  M._10.(c )
(o) = o Z (r — DIk —)!(r +3/2)] Moz (e, a)

= Poly 1101111&11 of degree 2k — 2

Gallis et al., Phys. Fluids 18, 017104 (2006)

7 0.00 0.01 0.02 0.03
3
Kn, = g/(mnc,’)




BGK description

Same qualitative results for moments.
Explicit expressions for «*(a), n*(a), 6(a),
d(a), A,(a), and A,(a).

Full velocity distribution function ¢(c;e,a).

Divergence of the expansion in powers
of a.

Influence of gravity analyzed.



4. Force-driven Poiseuille flow

Jean-Louis-Marie Poiseuille
(1797-1869)




NAVIER-STOKES (NEWTONIAN) DESCRIPTION

9] Equal normal stresses

p(_y) = po = const

Newton’s law

)0)
u-(y) = uo + f)—l/ +O(g%)

.,?]()

Fourier’s law

No longitudinal heat flux |

Temperature is maximal at the central layer (y=0)



Do NS predictions agree with computer
simulations?

On the validity of hydrodynamics in plane S8 Physica A 240 (1997) 255-267
Poiseuille flows

M. Malek Mansour®*, F. Baras®, Alejandro L. Garcia®!




A Burnett-order effect?

PHYSICAL REVIEW E VOLUME 60, NUMBER 4 OCTOBER 1999

Burnett description for plane Poiseuille flow

F. I Uribe Alejandro L. Garcia™

In the slab y<ly_. |,

sgn ¢,= sgn OT/0y

Heat flows from the colder
to the hotter layers!!
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Other Non-Newtonian properties

Non-uniform pressure

Normal stress
differences

Longitudinal component of the heat flux
(but no longitudinal thermal gradient!)




Hierarchy of moment equations

My iy s (43 ) = /dvvilv? v, —u.(y,9)]" f(y,v; 9)

0
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J\-"{khkz-i-l,kg—l =+ gﬂjk13k23k3—1> — Jklak2ak3
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Perturbation analysis

Tij, Sabanne, and Santos, Phys. Fluids 10, 1021 (1998)

Equilibrium moments (at y=0)

M él)(y) = Linear function of y

é‘j )(y) — Polynomial in y of degree 24, j > 2
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Results to order g-:
Hydrodynamic fields

p(y) = po

P0Y
110

1 —
12n9kod0

pegc 4 mg\? 5
y +Cr (—) Y
1o

Moment Methods in Kinetic Theory, ETH Zurich, 6-8 November 2008

43



Results to order g-:
Hydrodynamic fluxes

7 mg)2 ponog
P,.(y) = 1+=C, | — +C,, + O
) =m 1436 (7 9| +og"
Pyy = po ( —Cy POZgg ) -+ O(QJL)
0
p09° 4 Cp—Cr (mg\~ ,
P (y) = — 1
R |
qy(y) = 3[-)770 93 + O(gd‘), q.(y) = Cygmgro + O(g3)
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Numerical values of the coeflicients

Coefficient Quantity|NS Burnett® 13-moment® R13-moment® 19-moment? Exact

p 1.2 1.2 1.2 1.2 1.2
T 0 0.56 0.9295 1.04 1.0153

P.. 0 0 3.413 ? 6.4777
P,, 0 0 3.36 ? 6.2602
¢ 0.4 0.4 0.4 . 0.4

?Uribe & Garcia (1999)

PRisso & Cordero (1998)
“Taheri, Struchtrup & Torrilhon (2008)

IHess & Malek Mansour (1999)
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BGK description

Same qualitative results.

Hydrodynamic fields up to order g.
Velocity distribution function up to order
g

Divergence of the expansion in powers
of g.

Exact non-perturbative solution for a
special value of g.



5. Other (quasi-uniform) states

Uniform Shear Flow
Uy = Af:{:y Y

?’L(t) - ?’L(O) n = const

Yoy (t) = Yzy(0)

Uniform Longitudinal Flow Expansion: 3z2(0) > 0
n(t) — n(O) : * P = ——r—
== ’)’mm(O)t
; (t) B "}’m:(o) Compression: 4;:(0) <0
- 1 4+ 422 (0)t OSSOSO

A > PP P P s 4 44—
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In both cases,

Exact rheological functions for arbitrary
values (non-perturbative solution) of the
corresponding Knudsen number
(a:f)/acy/ )\02’ a:’yxx/ >\02) "

Divergence of the fourth-degree moments
beyond a critical value a=a..

Algebraic high-velocity decay of the
velocity distribution function for any a:
Finite number of convergent moments.



Conclusions

The hierarchy of moment equations can be
recursively solved in the case of Maxwell
molecules for some non-trivial states.

No need to apply truncation closures.

In some cases, a perturbation analysis Is
required.

Exact results are important by themselves
and also useful as an assessment of

simulation techniques
approximate methods
Kinetic models



More details about shear flows
(including  mixtures, BGK
model description, ...)

Kinetic Theory of
Gases in Shear Flows

Victale Caizé
apd Andvfy Sanies

Mamn faadama Pl i

1 R
Fielin sl hsa e
(Springer, 2003)
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