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 The freely cooling granular gas.
Sonine coefficientsSonine coefficients.

 Brief review of previous results.
 Linear approximations. Comparison

with DSMC resultswith DSMC results.
 Conclusions.Conclusions.
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This state is:

Homogeneous.

Isotropic.

The granular temperature monotonically decreases in time

(Haff’s law).

... But the distribution function of the rescaled velocities reaches

a stationary form (self-similarity solution).

And it is unstable! (avoid long times and/or large dimensions).
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(Videoclips courtesy of S. Tatsumi)
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Several circles
(Kandinsky, 1926)
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•• MassMass mm
•• DDiameteriameter σσDDiameteriameter σσ
•• CCoefficientoefficient ofof normalnormal restitutionrestitution αα
•• αα==11 forfor elasticelastic collisionscollisions

(After T.P.C. van Noije & M.H. Ernst)

Direct collision: v∗1 = v1−
1+ α

(v12 · bσ)bσ v∗2 = v2+
1+ α

(v12 · bσ)bσ
Relative velocityRelative velocity

Direct collision:

Restituting collision:v∗∗1 = v1−
1+ α

2
(v12 · bσ)bσ, v∗∗2 = v2+

1+ α

2
(v12 · bσ)bσ

v1 = v1−
2

(v12 · σ)σ, v2 = v2+
2

(v12 · σ)σ

g 1 2α 2 2α

Granular Gases 2008,  Schloss Thurnau, 
8-12 September  2008 6



http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/

kk
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Collisions conserve momentum, but not kinetic
energy:energy:

∆E =
1
m(v∗2 + v∗2 v2 v2)∆E =
2
m(v1 + v2 − v1 − v2)

= −m
2
(1− α2)(v12 · bσ)2

m
“Granular” temperature:

∂T
¯
T =

m

d
h(v − u)2i, u = hvi

∂T

∂t

¯̄̄̄
coll

= −ζT, ζ ∼ 1− α2

“Cooling” rate
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(1844(1844--1906)1906)(( ))

(Cartoon by Bernhard Reischl, University of Vienna)

David Enskog
(1884(1884--1947)1947)
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Collision operator∂tf (v1, t) = J [v1|f (t), f (t)]

J [v1|f (t), f (t)] = χσd−1
Z
dv2

Z
d bσΘ(v12 · bσ)(v12 · bσ)[ 1|f ( ), f ( )] χ

Z
2

Z
( 12 )( 12 )

×
h
α−2f (v∗∗1 , t)f (v

∗∗
2 , t) − f (v1, t)f (v2, t)

i

v∗∗1 = v1−
1+ α

2α
(v12 · bσ)bσ, v∗∗2 = v2+

1+ α

2α
(v12 · bσ)bσ
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Thermal speed:v0(t) ≡
q
2T (t)/m ≡

q
2
d hv2it

= v0(0) Haff ’s law= 0( )
1+ζ(0)t/2

Haff s law

Scaled distribution:f (v, t) = nv−d0 (t)F (c), c(t) =
v

v0(t)v0(t)

High-velocity tail:F (c) ∼ e−Ac

S i ffi i t

Thermal velocities:F (c) = π−d/2e−c
2

⎡⎣1 + ∞X
k=2

akL
(d−22 )

k (c2)

⎤⎦
Sonine coefficients

⎣
k 2

⎦

hc4i = d(d+ 2)

4
(1 + a2) , hc6i = d(d+ 2)(d+ 4)

8
(1 + 3a2 − a3)

4 8

Accurate determination of a2 (and a3) is important to characterize the
d i ti f F( ) f 1 f th M lli T t ffi i t
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deviation of F(c) for c∼1 from the Maxwellian ⇒ Transport coefficients



G ld ht i & Sh i (1995) Fi t ti t f (liGoldshtein & Shapiro (1995): First estimate of a2 (linear
aproximation neglecting a22, a3, a4, ...) for d=3. Algebraic
mistake.
van Noije & Ernst (1998): Mistake corrected. Expression for
general d.
Brey Ruiz-Montero & Cubero (1996): DSMC validation ofBrey, Ruiz Montero & Cubero (1996): DSMC validation of
vNE98’s result for a2 (d=3). DSMC computation of a3 (d=3).
Garzó & Dufty (1999): Linear approximation for a2 (d=3) in a
bi i tbinary mixture.
Montanero & Santos (2000): Ambiguity of the linear
approximation for a2 and expression alternative to vNE98’s.
DSMC computation of a2 and a3 (d=3).
Brilliantov & Pöschel (2000): Cubic equation for a2 (neglecting
a3, a4, ) in the case d=3
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a3, a4, ...) in the case d 3.



Huthmann, Orza & Brito (2000): Assume that ak=O(k ). MDHuthmann, Orza & Brito (2000): Assume that ak O( ). MD
computation of a2 (d=2).
Montanero & Garzó (2002): DSMC validation of GD99’s result
for a (d=3) in a binary mixturefor a2 (d=3) in a binary mixture.
Coppex, Droz, Piasecki & Trizac (2003): Extensive analysis on
the ambiguity of the linear approximation for a2. Alternative
approach to estimate a2. DSMC computation of a2 (d=2).
Brilliantov & Pöschel (2006): Linear approximation for a2 and
a3 (neglecting a22, a2a3 a32, a4, ...). DSMC computation of a2-a6a3 ( eg ect g a2 , a2a3, a3 , a4, ...). SMC co putat o o a2 a6
(d=3). Evidence of the divergent character of the Sonine
expansion.
Noskowicz Bar Lev Serero & Goldhirsch (2007): ComputerNoskowicz, Bar-Lev, Serero & Goldhirsch (2007): Computer-
aided method to evaluate (numerically) ak. Fitted expression for
a2 (d=3). Confirmation of the divergence of the Sonine
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81 17 30

(d=3)( )
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vNE98

(d=3)
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aMS002 =
avNE982

vNE98
vNE98

2
1 + avNE982

9 41 -30

(d=3)
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(d=3)

NE98vNE98
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vNE98

(d=2)
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(d=2)

vNE98

Granular Gases 2008,  Schloss Thurnau, 
8-12 September  2008 22



BP00 vNE98

(d=3)
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vNE98

MS00

(d=3)
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(d=3)
(d=2)

Granular Gases 2008,  Schloss Thurnau, 
8-12 September  2008 25



f(v t) = nv−d(t)F (c) c(t) =
v

f(v, t) = nv0 (t)F (c), c(t) =
v0(t)

∂tf (v, t) = J [v|f (t), f (t)] ⇒ −μ2

d

∂

∂c
· cF (c) = I [c|F, F ]

I [c1|F, F ] =
Z
dc2

Z
d bσΘ(c12 · bσ)(c12 · bσ)hα−2F (c∗∗1 )F (c∗∗2 ) − F (c1)F (c2)

i
[ 1| , ]

Z
2

Z
( 12 )( 12 )

h
( 1 ) ( 2 ) ( 1) ( 2)

i

Collisional moments:μp ≡ −
Z
dc cpI[c|F, F ]μp

Z
[ | , ]

⎧⎪⎨(a)μp = p
2μ2

hcpi
h 2i, p ≥ 4,

Moment hierarchy:
⎨⎪⎩
(a)μp 2μ2hc2i, p ≥ 4,
(b)

μp
hcpi =

p
2

μ2
hc2i, p ≥ 4.
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La2{μ2} = A0(α) +A2(α)a2, La2,a3{μ2} = A0(α) +A2(α)a2 +A3(α)a3a2{μ2} 0( ) + 2( ) 2, a2,a3{μ2} 0( ) + 2( ) 2 + 3( ) 3

La2{μ4} = B0(α) +B2(α)a2, La2,a3{μ4} = B0(α) +B2(α)a2 +B3(α)a3

La2{μ6} = C0(α) + C2(α)a2, La2,a3{μ2} = C0(α) + C2(α)a2 + C3(α)a3

Class-I: Neglect a3 in moment eq. for 4 (but not in moment eq. for 6)
Class II: Treat and on the same footing (BP06)

Approach (a) L{μp − p
2μ2

hcpi
hc2i} = 0

Class-II: Treat a2 and a3 on the same footing (BP06) 

p 2 hc i
Approach (b) L{ μp

hcpi −
p
2

μ2
hc2i} = 0
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Label Equations a2 a3

Ia
LIa2 ≡ La2

n
μ4 − 2μ2hc4i/hc2i

o
= 0n o vNE98 newIa

LIIa3 ≡ La2,a3
n
μ6 − 3μ2hc6i/hc2i

o
= 0

vNE98 new

LIIa2 ≡ La a

n
μ4 − 2μ2hc4i/hc2i

o
= 0

IIa
L2 ≡ La2,a3

n
μ4 2μ2hc i/hc i

o
= 0

LIIa3 ≡ La2,a3
n
μ6 − 3μ2hc6i/hc2i

o
= 0

BP06 BP06

Ib
n

4 2
o

Ib
LIb2 ≡ La2

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIb3 ≡ La2,a3
n
μ6/hc6i− 3μ2/hc2i

o
= 0

MS00 new

IIb
LIIb2 ≡ La2,a3

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIb3 ≡ La2,a3
n
μ6/hc6i− 3μ2/hc2i

o
= 0

new newn o

Ih
LIb2 ≡ La2

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIa ≡ L
n
μ6 3μ2hc6i/hc2i

o
= 0

MS00 new
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L3 ≡ La2,a3
n
μ6 − 3μ2hc i/hc i

o
= 0



0 16

0.20  DSMC
 Ia (vNE98)
Ib,Ih (MS00) -0 04

0.00

DSMC

0.08

0.12

0.16 Ib,Ih (MS00)
 IIa (BP06)
 IIb (new)

a 2

-0.12

-0.08

-0.04 DSMC
 Ia (new)
 Ib (new)
 Ih (new)
 IIa (BP)
 IIb (new)a 3

0.00

0.04

d=2
-0.20

-0.16

d=2

0.08

0.12

2

-0.06

-0.04

-0.02

3

0.00

0.04

d=3

a 2

0 12

-0.10

-0.08

d=3

a 3

0.0 0.2 0.4 0.6 0.8 1.0



0.0 0.2 0.4 0.6 0.8 1.0
-0.12



(New simulations) (BP06 simulations)
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0.04
 DSMC
 Ia (vNE98)
Ib Ih (MS00)

0.000

 DSMC

0.00

0.02
Ib,Ih (MS00)
 IIa (BP06)
 IIb (new)

a 2

-0.010

-0.005 Ia (new)
 Ib (new)
 Ih (new)
 IIa (BP06)
 IIb (new)a 3

-0.02

d=2

-0.015
d=2

0.00

0.01

-0.004

-0.002

a 3

-0.01

0.00

d=3

a 2

-0 010

-0.008

-0.006

d=3

a

0.6 0.7 0.8 0.9 1.0
-0.02



0.6 0.7 0.8 0.9 1.0
0.010


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Label Equations a2 a3

Ia
LIa2 ≡ La2

n
μ4 − 2μ2hc4i/hc2i

o
= 0n o vNE98 newIa

LIIa3 ≡ La2,a3
n
μ6 − 3μ2hc6i/hc2i

o
= 0

vNE98 new

LIIa2 ≡ La2 a3
n
μ4 − 2μ2hc4i/hc2i

o
= 0

IIa
L2 ≡ La2,a3

n
μ4 2μ2hc i/hc i

o
= 0

LIIa3 ≡ La2,a3
n
μ6 − 3μ2hc6i/hc2i

o
= 0

BP06 BP06

Ib
n

4 2
o

Ib
LIb2 ≡ La2

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIb3 ≡ La2,a3
n
μ6/hc6i− 3μ2/hc2i

o
= 0

MS00 new

IIb
LIIb2 ≡ La2,a3

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIb3 ≡ La2,a3
n
μ6/hc6i− 3μ2/hc2i

o
= 0

new newn o

Ih
LIb2 ≡ La2

n
μ4/hc4i− 2μ2/hc2i

o
= 0

LIIa ≡ La a

n
μ6 − 3μ2hc6i/hc2i

o
= 0

MS00 new

Granular Gases 2008,  Schloss Thurnau, 
8-12 September  2008 31

L3 ≡ La2,a3
n
μ6 − 3μ2hc i/hc i

o
= 0



LIa2 ≡ La2
n
μ4 − 2μ2hc4i/hc2i

o
= 0, LIb2 ≡ La2

n
μ4/hc4i− 2μ2/hc2i

o
,

LIIa2 ≡ La2,a3
n
μ4 − 2μ2hc4i/hc2i

o
, LIIb2 ≡ La2,a3

n
μ4/hc4i− 2μ2/hc2i

o
,

LIIa3 ≡ L
n
μ6 3μ2hc6i/hc2i

o
LIIb3 ≡ L

n
μ6/hc6i 3μ2/hc2i

o

0 04

0.08
d=2

 Ia
 Ib
 IIa
IIb

1.0

1.5
d=2

 IIa
 IIb

L3 ≡ La2,a3
n
μ6 − 3μ2hc i/hc i

o
, L3 ≡ La2,a3

n
μ6/hc i− 3μ2/hc i

o

-0.04

0.00

0.04

L 2

IIb

-0.5

0.0

0.5

L 3

0.04

0.08
d=3

-0.08 -1.0

0.5

1.0
d=3

-0.08

-0.04

0.00

L 2

-1.0

-0.5

0.0

L 3

0.0 0.2 0.4 0.6 0.8 1.0

0.08



0.0 0.2 0.4 0.6 0.8 1.0
-1.5


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 The (hybrid) linear approximation Ih (L2Ib=0,
L II 0) id i l d t ti t fL3IIa=0) provides simple and accurate estimates for
the general -dependence of a2 and a3.
H if d i ti t f However, if one needs a more precise estimate of
a3 in the region 0.6.<1, the best choice is
IIa≡BP06 (L IIa=0 L IIa=0)IIa≡BP06 (L2IIa=0, L3IIa=0).

 Even though a22, a3, a4, ... are not negligible if
.0 6 they “conspire” to play a negligible role in.0.6, they conspire to play a negligible role in
μ4/hc4i-2μ2/hc2i. Can we learn something of F(c) by
exploiting this?exploiting this?

 Frustration: Will we ever be able to get a closed
form (even in terms of special functions, etc.) for( p , )
F(c)?
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α 0.8 0.6 0.4 0.2
a2 −0.0141 0.0207 0.0760 0.1274a2 0.0141 0.0207 0.0760 0.1274
μ2 0.8950 1.6101 2.1354 2.4625

La2 {μ2} 0.9000 1.6105 2.1356 2.46392

μ2(1 + a2) 0.8824 1.6434 2.2976 2.7762
La2 {μ2(1 + a2)} 0.8873 1.6436 2.2956 2.7705

4 414 8 213 11 494 13 881μ4 4.414 8.213 11.494 13.881
La2 {μ4} 4.421 8.188 11.404 13.686

μ4/(1 + a2) 4 477 8 047 10 682 12 312μ4/(1 + a2) 4.477 8.047 10.682 12.312
La2 {μ4/(1 + a2)} 4.487 8.027 10.658 12.294
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