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WHAT IS A GRANULAR MATERIAL?

It is a conglomeration of discrete solid, macroscopic
particles characterized by a loss of energy
whenever the grains collide.

The constituents must be large enough such that
they are not subject to thermal motion fluctuations.
Thus, the lower size limit for grains is about 1 um.
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WHAT IS A GRANULAR MATERIAL?

« Examples of granular materials would include nuts, coal, sand, rice, coffee, corn flakes,
fertilizer, ball bearings, ...
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WHAT IS A GRANULAR MATERIAL?

... and even Saturn’s rings
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WHAT IS A GRANULAR MATERIAL?

Granular materials are commercially important in applications as diverse as
pharmaceutical industry, agriculture, and energy production.

They are ubiquitous in nature and are the second-most manipulated material in industry
(the first one is water).
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SIMPLE MODEL OF A GRANULAR GAS:

A COLLECTION OF INELASTIC HARD
SPHERES

This model unveils an inherent
breakdown of energy equipartition in
granular fluids, even in homogeneous
and isotropic states
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OUTLINE OF THE TALK

 Collision rules for inelastic rough hard
spheres. Statistical quantities.

e Homogeneous cooling state. Kinetic theory
(Boltzmann-Enskog) description.

» Sonine approximation. Results.
 Conclusions and outlook.
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MATERIAL PARAMETERS:

Mass m

Diameter o

Moment of inertia /

Coefficient of normal restitution «

Coefficients of tangential restitution
a =1 for perfectly elastic particles
(3=-1 for perfectly smooth particles
(=+1 for perfectly rough particles
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Collision rules

Cons. linear momentum:

/ /I __ ] )
Vi TV, =V; +V;

Cons. angular momentum:

JIRY mﬁa' X v
1,7 :F 2 1,7

O; ~
= Iwm -+ m;a X V;

Relative velocity of the points

of the spheres at contact:

0 <
vij = Vi — 50‘ X (wz +wj)

~ ! ~
oV, =—ao -V,

iJ
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ENERGY COLLISIONAL LOSS

1 1 1 1
Ei; = §mv22 + §mv? + §Iwz-2 + 5[%2-

Ez{j_Eij m— —(1—(){2>><"°

_(1_52)><...

Energy is conserved only if the spheres are
e elastic (e¢=1) and
e either

e perfectly smooth (5=-1) or

e perfectly rough (G=+1)
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coefficient of normal restitution | coefficient of normal restitution

coefficient of tangential restitution coefficient of tangential restitution

relative mass | relative mass
impact parameter impact parameter
initial angular velocity of the left particle initial angular velocity of the left particle

time H time

reference frame (|aboratory | center of mass reference frame (laboratory|center of mass

energy loss (lab frame) = 0‘4 energy loss (lab frame) = 27%

€ €

Elastic & smooth Inelastic & smooth

coefficient of normal restitution | coefficient of normal restitution

coefficient of tangential restitution 1 coefficient of tangential restitution

relative mass I relative mass
impact parameter impact parameter
initial angular velocity of the left particle { initial angular velocity of the left particle

time J time | |

reference frame [laboratory | center of mass reference frame |jaboratory |center of mass

energy logs (lab frame) = 0% energy loss (lab frame) = 27%

€ €

Elastic & (perfectly) rough Inelastic & (perfectly) rough
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GRANULAR TEMPERATURES, KURTOSES, AND
CORRELATIONS

translational temperature: (v?)

rotational temperature: <w2> —

translational kurtosis: (v*)

rotational kurtosis: (w?)

scalar correlations: (vw?) = (v*)(w?)(1 + a11)

CRS e R e . PR
L s e angular correlations: ((V - &)%)
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OUR AIM:

To measure

e Temperature ratio 7"°"/T*"
e Kurtosis asg

e Kurtosis ags

e Correlation aqq

e Correlation b

in the

Equip.

,{Zvrot

Ttr <

Cooling

Cooling
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(1844-1906)

David Enskog

(1884-1947) s o _ ) (Cartoon by Bernhard

Reischl, University of
Vienna)

Boltzmann-Enskog equation:
Opf(r,v,w,t) + v - Vf(rviw,t) = Jr,v,w,i|f]

\ J
|

Inelastic+Rough collisions
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SCALED QUANTITIES

Scaled velocities: c(t) = ) =

- \/QTtr \/2Trot
3/2
] F(v,0.0)

4TS (1) T4 (1)

ml

1
Scaled distribution function: ¢(c,w) = — [
n

0 Ho2 0

20
HCS:
- (cp) + —— 3 e

o (W) = J"[e, wlg]

Collisional moments:

—/dc/dwcpwq«]*[cawﬁb]
—/dc/dw (c- w)*J*[c, w|¢)]
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MOMENT EQUATIONS

H20 = Ho2

40

5 (1o —
H20 =9 + ago

22
I+ a1

3
5(#20 + po2) =

Lo4

5 —
o2 1 + agy

1

B
6 (20 + Ho2) b 3“22
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LINEAR SONINE APPROXIMATION

3

1
Sonine (Laguerre) polynomials: Sll (x) = 5 % S(f)(x) =3 (15 — 20z + 42°)

2

SIGMAPHI2011, LARNACA (CYPRUS),
11-15 JULY 2011




AND AFTER TEDIOUS CALCULATIONS
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INSERTING INTO THE MOMENT EQUATIONS

H20 = Ho2

140

5 —
K20 1 + dog

22
1 +an

3
5(#20 + Lo2) =

And neglecting terms nonlinear in ayy, a4,
a,, and b, we get a polynomial equation
for 7°YT" and linear equations for a,,, a4,

5 —
102 1 + ags

1

5
c (20 + to2)b = L 5 H22
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RESULTS: KURTOSES & SCALAR CORRELATIONS
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RESULTS: ANGULAR CORRELATIONS
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RESULTS: SINGULAR BEHAVIOR IN THE QUASI
SMOOTH LIMIT
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ORIGIN OF THIS PARADOXICAL SINGULAR
BEHAVIOR IN THE QUASI-SMOOTH LIMIT

f=-1 B2 -1
Equip.

Trot Ttr 4______,Trot

Cooling Cooling Cooling

\ v
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RESULTS: KURTOSES & SCALAR CORRELATIONS
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CONCLUSIONS AND OUTLOOK

« The Sonine approximation for the temperature ratio
successfully corrects the Gaussian prediction.

While |a,|, |a;4|, and |b| are always small, the cumulant
lay,| may take relatively large values, thus invalidating the
linear approach (at a quantitative level).

Comparison with simulation data for the correlation factor
b shows that the Sonine approximation with ay,=0
represents a good compromise between simplicity and
accuracy.

Interesting singular phenomenon in the quasi-elastic limit.
Simulations planned to test the theoretical predictions.
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