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System:
• (Monodisperse) granular fluid of inelastic hard 

spheres with packing fraction φ and coefficient 
of normal restitution α.

• Navier-Stokes (NS) constitutive equations:

Thermal
conductivity

“Diffusion
thermo-effect”

Shear
viscosity

Bulk
viscosity
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• By dimensional analysis, the temperature 
dependence of the transport coefficients is

• Otherwise, they are nonlinear functions of     
α and φ:
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• Assuming the validity of the Enskog 
equation (stosszahlansatz), the  NS 
transport coefficients can be derived 
from the Chapman-Enskog method 
around the homogeneous cooling state
(HCS) (Garzó & Dufty, 1999).

• As in the elastic case, in order to get 
explicit expressions, one expands the
NS distribution function f (1)(V) in Sonine 
polynomials and truncates the series.
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• In particular, in the case of the shear 
viscosity, First Sonine 

approximation

Kinetic part

Total

Packing 
fraction

Carnahan-
Starling

Dilute gas in 
the elastic limit

Fourth velocity cumulant of the HCS
(c=6 ‚V4Ú/5 ‚V2Ú2-2)



24th Symposium on RGD  (Monopoli, Bari, July 2004) 6

How accurate is the first Sonine 
approximation for η?
• In the elastic (α=1) and dilute (φt0) limit 

it is known that the first Sonine 
approximation underestimates the shear 
viscosity by a 1.6%.

• It might be that the Sonine aproximation 
worsens with increasing inelasticity since 
the reference state (HCS) differs from a 
Maxwellian if α<1:
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Non-zero fourth cumulant High-velocity overpopulated tails

M

a2=c0/2 G(V) =f (V)eAV
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To test the first Sonine approximation for η
one needs to compute it numerically by 
DSMC simulations for a wide range of 
values of α and φ.
• An elegant method consists of analyzing 

the time evolution of a weak perturbation 
of the HCS under the form of a transverse 
shear wave (Brey et al., 1999):
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• Other method (so far, restricted to the 
dilute limit): Green-Kubo formulas 
(Dufty & Brey, 2002; Brey et al., 2004).

See Brey’s talk for details and results.
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OUR GOAL:
• Propose a method to measure the Navier-

Stokes shear viscosity η(α,φ) from DSMC 
simulations of a modified simple shear flow.

SIMPLE (OR UNIFORM) 
SHEAR FLOW
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Enskog equation for the simple shear 
flow state: shear rate

Lagrangian frame: f (r,v,t)=f (V(r),t), V(r)=v-u(r), u(r)=aa.r, aij=aδixδjy

Inertial force

F [f]: Operator representing an “external” action (to be determined)
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Knudsen number of the problem

Knudsen number Mean free path Hydrodynamic length

Navier-Stokes regime ï Kn(t) t0 ï T(t) t∞

Temperature must monotonically increase in time!
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Energy balance equation

Inelastic 
cooling

External 
heating

Viscous 
heating

Heating rate
(external)

Cooling rate
(internal)
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• To frustrate a steady state, F [f] must be such that γ=ζ.
• In addition we require that, to first order in Kn, the 
Enskog equation for the (modified) simple shear flow
coincides with the Chapman-Enskog solution:

f (V)=f (0)(V)+f (1)(V)+ O(Kn2)

f (0)(V)=HCSï

f (1)(V)=NSï

Natural choice:

Gaussian “thermostat” BGK-like relaxation term



24th Symposium on RGD  (Monopoli, Bari, July 2004) 15

DSMC implementation

• Uniform system (Lagrqangian frame): No cells
• Collision stage: standard, but adapted to the inelastic 

Enskog collision operator.
• Free straming stage:

1. Gaussian thermostat: V tV exp(ζ δt/2).
2. Inertial force: Vx tVx-a δt Vy.

3. BGK-like relaxation: With probability ζ δt/2, the 
velocity Vold of every particle is replaced by a new 
velocity Vnew sampled from the HCS distribution
f (0)(V).
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Results (Evolution)

Kinetic 
regimeHydrodynamic regime

Burnett

NS
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Results (NS shear viscosity)

Kinetic 
viscosity

Total 
viscosity

η(α,φ)>η(1,φ) if φé0.1; η(α,φ)<η(1,φ) if φá0.1
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Conclusions (I)
• An efficient simulation method to measure 

the NS shear viscosity of a dense granular 
fluid has been proposed.

• After a short transient period, the system 
reaches first a non-Newtonian 
hydrodynamic regime, then a Navier-Stokes 
regime, and finally tends asymptotically to 
the HCS (even with an increasing 
temperature!).
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Conclusions (II)
• The results show that the first Sonine 

approximation is as reliable as in the elastic 
limit, at least for this transport coefficient.

• A similar approach can be applied to the 
evaluation of the heat transport 
coefficients, where the Sonine 
approximation might be less accurate.
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THANKS!
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