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Minimal model of a granular gas:

Elastic collision Inelastic collision

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/
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Caltech Granular Flows Group (http://www.its.caltech.edu/~granflow/)
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http://www.cmt.york.ac.uk/~ajm143/nuts.html
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Model of a granular gas:
A mixture of inelastic rough hard spheres
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This model unveils an inherent
breakdown of energy equipartition in
granular fluids, even in homogeneous
and isotropic states

3
' Several circles

= (Kandinsky, 1926) Galatea of the Spheres
(Dali, 1952)
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Outline
e Energy production rates In a

mixture of Inelastic rough hard
spheres.

e Simple Kinetic model for
monodisperse systems.

e Application to the simple shear
flow.

e Conclusions and outlook.
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Mixture of Iinelastic rough hard spheres.

Material parameters:

- Masses m;

- Diameters o,

- Moments of inertia /,

- Coefficients of normal restitution «;

. Coefficients of tangential restitution 3
- a,;=1for perfectly elastic particles

- [3,~=-1tor perfectly smooth particles

- (,~+1for perfectly rough particles

i
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Notation:




RS

1 1 1

E(-—Eij = —(1-@2.))(...

17 17
2

Energy is conserved only if the spheres are
* elastic («,=1) and
o either

* perfectly smooth (5,=-1) or

* perfectly rough (5,=+1)
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coefficient of normal restitution

coefficient of tangential restitution

relative mass

impact parameter

initial angular velocity of the left particle
time

reference frame ||aboratory | center of mass

energy loss (lab frame) = 0%

Elastic & smooth

http://demonstrations.wolfram.com/InelasticCollisionsOf TwoRoughSpheres/
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coefficient of normal restitution

coefficient of tangential restitution U

relative mass

impact parameter

initial angular velocity of the left particle
time

reference frame ||gboratory | center of mass

energy loss (lab frame) = 27%

Inelastic & smooth

http://demonstrations.wolfram.com/InelasticCollisionsOf TwoRoughSpheres/
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coefficient of normal restitution

coefficient of tangential restitution

relative mass

impact parameter

initial angular velocity of the left particle
time

reference frame ||gboratory | center of mass

energy loss (lab frame) = 0%

Elastic urfectly) rough

http://demonstrations.wolfram.com/InelasticCollisionsOf TwoRoughSpheres/
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coefficient of normal restitution

coefficient of tangential restitution

relative mass

impact parameter

initial angular velocity of the left particle
time

reference frame ||gboratory | center of mass

energy loss (lab frame) = 27%

Inelastic & (perfe“rough

http://demonstrations.wolfram.com/InelasticCollisionsOf TwoRoughSpheres/
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coefficient of normal restitution

coefficient of tangential restitution |

relative mass
impact parameter
initial angular velocity of the left particle

time

coefficient of normal restitution

coefficient of tangential restitution |

relative mass
impact parameter
initial angular velocity of the left particle

time

reference frame [|aboratory|center of mass reference frame |laboratory |center of mass

= 27¢

energy loss (lab frame) = 0% energy loss (lab frame) = 27%

coefficient of normal restitution coefficient of narmal restitution

coefficient of tangential restitution coefficient of tangential restitution

relative mass relative mass

impact parameter B impact parameter

initial angular velocity of the left particle initial angular velocity of the left particle
time A time

reference frame [|aboratory | center of mass reference frame ||aboratory | center of mass

energy loss (lab frame) = 0% energy logs (lab frame) = 27%

Inelastic & (pe\f@tly) rough

Elastic & “rfectly) rough
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Total temperature: 1" = Z ;L—:L (TZ.“' € Tz,rot)
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Collisional rates of change for
temperatures

Energy production rates:

1 [OT
tr 1 tr _
gfi N T/L‘tr ( 5’15 )COH 9 5

frot e 1 aTirOt
? i Tirot 5’?5

Net cooling rate:

c__L(oT
N T ot coll |
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Energy pr oduction rates. Scheme of the derivation

/nrYi\l'ﬂO’I ﬂ
\MII\IV U/

1st BBGKY equation

1D = 12 = (£

7(2
Information-theory estimate of Jf Z(j )
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Final results.

Energy production rates

Vij - ~ r ~ P Ty T}
& = —w 2(%+5m‘) ;" — (O‘?j+ﬁz2j)( + )
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Effective collision frequencies
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Final results.
Net cooling rate

(g;prszcr 1+ 571;0’0 Tirot )
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Energy production rates = Equipartition rates + Cooling rates

Net cooling rate = 2 Cooling rates

Equip.

tr
1L

Cooling Cooling
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Simple application:
Homogeneous Free Cooling State
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Equip.

Tfr «— }Técr

Cooling Cooling
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Inelastic quasi-smooth spheres

'S
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X

Cooling
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Rotational/Rotational.
Time evolution

n2=ln1, mz/m1=8,lcz/01=2, a=q.5

200

# 1-1 collisions
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Rotational/Rotational.
Time evolution

n=n_,m./m=8, ¢ /c=2,a=0.5
IS G Yt B S .

# 1-1 collisions
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Translational/Translational.
Time evolution

n=n_,m./m=8, ¢ /c=2,a=0.5
2 1Py 2 1 .

# 1-1 collisions
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A simple kinetic model
for monodisperse
Inelastic rough hard

cecnhoarac
Dpl ICI UV




(Cartoon by Bernhard
Reischl, University of

Vienna)

(1844-1906)

Boltzmann equation:

)

O fi(r, vi,wi, t) + vi - V fi(r, vi,wi, t) = Z Jij[r, Vi, wi, 8 fis fj]
i

|

Binary collisions
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Boltzmann eq.: 8tf(r, V,t) + V- Vf(I‘,V, t) = J[I', v, t‘fa f]

Elastic collisions:
[Bhatnagar-Gross-Krook (BGK) & Welander, 1954]

e

m

A = —v(f=fo)s fo=n (o) exp [—m<

27T

Inelastic collisions:
[Brey, Dufty, Santos, 1999]

JU ] = —vle) (f = fo) +
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Simple kinetic model for

monodisperse inelastic rough
hard spheres

Three key ingredients we want to keep:

1. (375Ttr) _ _ftthr

coll

2. (atTrOt>coll — _frotTrot

3. deZfde VZ'JZ'j[Vi,wi‘fi,fj] — >\ij fdvzfdwz ViJij[Viawi‘fhfj]

O&ij =1
\ Bij = }—1
S 1+ Kij  14+Bij !

L S 2 1+:‘<&ij 2

Elastic smooth spheres
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O f(r,v,w,t)+v-Vf(r,v,w,t)=Jr,v,w,t|f, f]

JIf 1 — —)\go(f—fo) .
+5 5 (v wfl+ 5 (wh)

1 1 16
A +a+ . +ﬁ, vy = ﬁn(jQ\/Ttr/m
2 l+x 2 5

; n< ml )3/26 p[ m(v—u)?  [w?
0= Xp | —

A2 tr Trot 9Ttr ~ 97mrot
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A simpler version.
Marginal distributions

ftr<I‘,V,t) = /dw f<r7V7w7t)7 fr0t<r7w7t) — l‘/de(r’V’("J’t)

n

- tr 0 o
Of™ +v- V"= =dwo (f" = fo') + %a—v v - wf

<l /dv vf(r,v,w,t) — qu’Ot(r,w,t>>

n

grot i
2 Ow

atfrot +u- met — _)\VO (frot . f(I)‘Ot) €

. (wfrot)
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An even simpler version.
Translational distribution

ftr(r,v,t):/dwf(rth T (r /dv/dwwfrth

i 0
0L v VLT = o (1 )+

(v = u) ]

(é/dvv/dww2f(r,v,w,t) —>uTrOt)
n

\‘ atTrot Tru- VTrOt — _grotTrot
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ation to simble shes

(steady state)

s

y=—L/2 %
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Application to simple shear flow
Translational/Rotational temperature ratio

%  25+1-p8
Tt k(14 P)

frOt —0) =

Independent of «
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Application to simple shear flow
Shear stress

P,  \/3E/2

nTtr 1 + é'\tr

Scaled energy
production rate
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Application to simple shear flow
Anisotropic translational temperatures
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Application to simple shear flow
“Universal” relationship
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Conclusions and outlook

Collisional energy production rates obtained for
mixtures of inelastic rough hard spheres.

Interesting non-equipartition phenomena In the
homogeneous free cooling state. Paradoxical effect
In the quasi-smooth limit.

Simulations planned to test the theoretical

predictions.

Proposal of a simple model kinetic equation for the
single-component case.

Solution of the above model in the simple shear
flow. Simulations planned.

Derivation of the Navier-Stokes constitutive
equations.
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