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Hydrodynamic description in

ordinary gases

» Conservation equations (mass, momentum, and energy):

Oy;(r,t) + V- J;(r,t) =0

Hydrodynamic fields Fluxes

 Constitutive equations:

Closed set
> of equations

Ji(r,t) = F;l{y;}]




Claude-Louis Navier George Gabriel Stokes
(1785-1836) (1819-1903)




Navier-Stokes constitutive equations
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. N\
Stress tensor Viscosity

Newton’s law

q= VT

Heat flux Thermal conductivity

Fourier’s law

Mean free path ,e << Lh Hydrodynamic length




Hydrodynamics beyond Navier-Stokes:
the Chapman-Enskog method
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Sydney Chapman David Enskog
(1888-1970) (1884-1947)
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Navier-Stokes Burnett
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YES! The Uniform Shear Flow and

the Uniform Longitudinal Flow
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Uniform Shear Flow (USF)

n(t) = n(0), ’Y:cy(t) — ’?a:y(o)




Uniform Longitudinal Flow (ULF)
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Uniformity parameter (or Knudsen
number) in the USF and in the ULF

Hard.spheres




Non-Newtonian viscosity functions
and scaled Chapman-Enskog
expansions
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USF: The CE series diverges for

ordinary gases
lci| ~ (2/3)F k!

A.S., J. J. Brey, & J. W. Dufty, Phys. Rev. Lett. 56,.1571 (1986)




ULF: Again, the CE series diverges for

ordinary gases
ck| ~ (1/3)" k!

A.S., Phys. Rev. E 62, 6597 (2000)




So far, we have restricted to ordinary
gases (elastic collisions).

What happens in the case of granular
gases (inelastic collisions)?




The CE expansion diverges in the elastic case.

Granular gases are inherently non-Newtonian

(due to the coupling between inelasticity and
gradients).

Reasonable doubts about the applicability of
hydrodynamics to granular gases.

It seems natural to expect that the CE series is
even more rapidly divergent for granular gases




Minimal model of a granular gas: A gas of
(smooth) inelastic hard spheres

Several circles
(Kandinsky, 1926)

Milieux Granulaires: Statique, Dynamique et
Statistigue, Lvon 13 14 October 2008




irmpact pararneter

laboratar raference frame

time
coefficient of restitution

relative mass U

impact parameter D

reference frame Iabc-ratcnry[center of mass|

MBELDC O e S e oL e DVE o icH e of
Statistique, Lyon, 13-14 October 2008




Collisions conserve momentum, but not kinetic
energy:
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“Cooling” rate




Cartoon by Bernhard Reischl, University of Vienna




Boltzmann equation
(iInelastic collisions)

atf + A\ A Vf — J[f, f] Collision operator

JIf, f]l = szdvzfda S(viz:3)(viz: &)

X [ 2F (Vi) F(vE") — F(v1) f(v2))

o Ve o _ . L — s &
PO Vi = Vi1 5 (vig:-8)8, v3 = v+ g (viz-8)F




2"”"’“'°1%(,~a,(t) — AT ()

n Cooling rate

T (t) =

State Viscous heating Inelastlc coollng Stationary temperature
USF (a=y Yes Yes Yes

ULF {(a==z) Yes Yes Yes
Yoz < O

ULF {(a = =) No Yes No (T —0)
Yoz > O




Model kinetic equation
(BGK-like)

(8+v-V)f = —u(f — fo) + 58y - [(v —w)]

JIf, 11

J. J. Brey, J. W. Dufty, & A. S., J. Stat. Phys. 97;281 (1999)




o T = Py — CT°
t 3, LY ¢

{ athy = —YzyPyy — (V + C)Pccya

8thy vp — (V + C)Pyy,

Stationary values of the reduced quantities:
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Stationary values of the reduced quantities:
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Stationary values




What about the whole viscosity
function F,(u)?

By eliminating time in favor of u(t) In the
moment equations one gets a nonlinear
2nd-order ODE for F, (1) and a nonlinear

1st-order ODE for F ().

They must be solved numerically.

The ODEs yield recursion relations for ¢,
and c..




Non-Newtonian viscosity




USF: Convergence of the CE expansion

|—2k

k| ~ |ps

A.S., Phys. Rev. Lett. 100, 078003 (2008)




ULF: Convergence of the CE expansion

| ~ s ™"

A.S., RGD 26 (AIP, 2009)
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Thus ...

The Chapman-Enskog series diverges for
elastic collisions.

But it converges for inelastic collisions!
In fact, the stronger the inelasticity, the larger

the radius of convergence.

Can this paradoxical result be understood by
physical arguments?

Yes! Just follow the arrow of time!




)

Sta

>
&
c
o

viscosity function. Foy

Navier-Stokes

“Stationary points

viscosity function, Fiy

scaled longitudinal rate, j




Conclusions

The reference homogeneous state (©=0) IS an
attractor of the evolution of u(t) for elastic collisions
= The CE expansion goes against the arrow of
time = The CE series diverges.

The state ;=0 Is a repeller of u(t) for inelastic
collisions = The CE series converges.

The convergence/divergence of the partial series of
P,, and P, Is independent of whether actually the
gas Is or not in the USF or in the ULF.

There exists a close relationship between the

Inherent non-Newtonian nature of granular steady
states and the convergence of the CE expansion:




Merci beaucoup par
votre attention!
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