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Outline

e Mixture of inelastic rough hard spheres.
The Boltzmann equation.

e Collisional thermal rates. Equilibration and
cooling rates

e Application to the homogeneous cooling
state. Non-equipartition of energy.

e Simple kinetic model for monodisperse
systems. Application to the USF.

e Conclusions and outlook.
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Minimal model of a granular gas:
A gas of identical smooth inelastic hard
spheres

Elastic collision Inelastic collision

http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/
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http://demonstrations.wolfram.com/InelasticCollisionsOfTwoSpheres/

But ... real grains

Have a coefficient of restitution

on wood

www.oxfordcroquet.com/tech/
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But ... real grains
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But ... real grains

Are polydisperse

http://www.cmt.york.ac.uk/~ajm143/nuts.html
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But ... real grains

Are Q
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Model of a granular gas:
A mixture of inelastic rough hard spheres

This model unveils an inherent
breakdown of energy equipartition in
granular fluids, even in homogeneous

and isotropic states L @ b R

|
&
Several circles
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Some previous works

o Monodisperse inelastic rough spheres
v Jenkins & Richman (1985): Shear flow
v Lun (1991): Quasi-smooth, shear flow
v Goldshtein & Shapiro (1995): Rates of change, HCS
v’ Luding, Huthmann, McNamara & Zippelius (1998): Evolution HCS, MD
v' Hayakawa, Mitarai & Nakanishi (2002): Micropolar fluid model
v’ Goldhirsch, Noskowicz & Bar-Lev (2005): Quasi-elastic, quasi-smooth,

constitutive equations
Vo

o Polydisperse inelastic smooth spheres
v Garzo & Dufty (1999): Rates of change, HCS

v’ Barrat & Trizac (2002): WN driving
Vo
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Mechanical parameters:

- X components (i=1, ..., X)
Masses m.
Diameters o.
Moments of inertia /.
- Coefficients of normal restitution o,
- Coefficients of tangential restitution j;,
- a,; =1 for elastic particles
+ 3,71 for smooth particles
- [3,=*1 for totally rough particles
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Collision rules:

1 1
Translational velocities: v, = v; — —Qij, V;- =v; + —Qyj

g; P -~
Angular velocities: w’, = w; + 2110' X Qij, wj = w; + 21 ——0/xX Qi
Impulse exerted by 2 on j:
_ 1 _ o\~
Qij = [F; |Vij — (Vij - 0)0 + 50 x (oiw; +0jw;)| + (Vi - 0)T
B _ T
vij =V — vy, Gy =my (Ltay), B =——(1+0)
l—ﬁ—f’izj
m;m; mi—}—mj If&
mi; = Kii = Kikj T
< m; + my; ’ *J © KiT; + T jiK; ’ ‘ mz(az/Z)Q
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Energy collisional loss

1 1 1 1
E@j — §mz’012 + §mj’0? + 5[;&.)@2 + §IjW?
B —BEj; = —(1—aj;) x
2
—(1 - @;) X

Energy is conserved only if the spheres are
* elastic (a,~1) and
* either

* smooth (5,=1) or

* perfectly rough (5,=+1)
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Partial (granular) temperatures

-
Translational temperatures: T\" = —=(v?)
3
: , ot Li, o0 MiKi o, 4
Rotational temperatures: T, °" = §<w?’> = 5 o (w;)

Total temperature: 1" = Z ;—; (Titr 1 Tirot)
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Collisional rates of change for
temperatures

Thermal rates:

1 [OT™
= ( ot ) =26
[/ CcCO j
1 oTret —
&7 = - ot ( (‘;?5 ) o & = Z
¢ CO j

Net cooling rate:

AN 1 8T o U trptr rotr-prot
C_ T(at)coH) C_ZQ’)’LT(gZTZ _I_gz CFZ )

)
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Our main goal

To obtain the binary thermal rates

tr rot
in terms of
tr tr rot rot
T?, > CZT7 > T?, > CZT7 > nz, nj
and the mechanical parameters

M;, Mj, 04, Oj, Kiy, Kj, Oj, Bij
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(Cartoon by Bernhard
Reischl, University of
Vienna)

(1844-1906)

Boltzmann equation:

atf’?:(rﬂv?:?w?:?t) + Vi vf‘i(ra V’iaw’iat) — ijj[r*vz~w%~t|f%~fj]
J |

|
Binary collisions

J
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t
fz; —

rot
i

“Exact” results

njcrfj:fr . _ 2_3

i | (@ + Biy) (vigvi - vi) + = ((0wwi + 0jw;) - (vi X ;)

—9 —2 -2 )

a;; +0Bij , 5 Bij , 1 2 30, 2
- ‘?sz_ = (v5) — 16;%_ (v5;° [Vij - (oiwi + 05w;)]7) — Fmi(wj (oiw; + ojw;)7)
n‘O',?-?T_

QjLT;Ot ﬁij {30’i<?)ij [Wz . (cr%-w?; — crjwj)b — O',f',(?Ji_jl [V'z',j . (cr?;w?; -+ crjwj)} (V’ij . w?’»

mi;k;

3., 3 1
= [4<v%>+_<vij (giwi +050;)") — 5 (v,

2 2<

L)
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Additional assumptions

. No mutual diffusion, no chirality:
(Vi) = (vj), (wi) =(wj) =0
. Translational and rotational degrees of freedom uncorrelated:

fi(vi,wi) = [ (vy) [T (wi)

. Maxwellian form:

3/2 02
fi*(vi) = ni (_FQ?T) exp (—mz—t—%”i )

1
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Results

tr Ttl"
Vij — Ayt (=2 =2\ (L J
ZTtr J 1] 4 1] 1] m; s
1 J
rot rot
_/_32 1 1 5
K, m;k; mj ﬁ?j
tr 1_31' rot !‘Ot
V‘LJ ya) 2Tr0t fr‘l?, T.? fr‘l?, CF.?
m;kqi m; m;  Mik; MK
t
4W2r o T 1T
Vij = —5—N;0;; +
3 m; my
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Decomposition

Thermal rates = Equilibration rates + Cooling rates

Net cooling rate = 2 Cooling rates

Equil.

Cooling

<4

Equil.

—>

Equil. .
roft
Tl = AT
Cooling
\ 4
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tr o

Decomposition

rot
tr __ otr,o r, rot rot __ ¢rot, Thermal
G =G5 T Ttr T } rates
o (1+ai)) (T =T &P o (L4 8y (TF = T7*)
Equilibration
~ rates
‘5;;)1::5 (1 _|_ ﬁzg) {Trot T;ot, T;r e T;r’ Tg:r s T;Ot}
x (1— a? j)
_ Cooling
2 rates
o< (1 — /ﬁij)
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Net cooling rate

— Z QZ% (&-EYT;SI“ 4+ f;OtTiYOt)

” 4nT m; +m; m; m;
tr tr rot rot,
| K‘J?’J ( e 2 ) T?; | TJ | T?; | TJ
| i | | |
1 + Kij PPN\my omy o Mk MK,

Fron
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Simple application:
The Homogeneous Cooling State (HCS)

The HCS is O fi(Vi,w;,t) = Zjij[viawiaﬂfi:fj]
« Spatially homogeneous J
* |sotropic
« Undriven ‘Z_T — (T
* Freely cooling !
8 jj’atr . tr T’itr gj}rot . rot jj’irOt
o =& =) 5 S = (6T -0
t—)oo:>£{r:£5r:---:£{0t :550‘5:...
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Single-component case (k=2/5)

a <1 N ft'r ~ (]_ — (1{2) — 8tTt-r <0 N Tt-r 0

/8 — —1 grot — () = T"*t s const Trot
a=1 R )= 0T <0\ e e[ T
ﬁ—>—1}j{ﬁmw(u,@)jajmko =& <87 = g 7
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Binary mixture

tr tr rot
Tl T2 T2

Three independent temperature ratios: : ,
p p Tlrot Tfr Tlrot

Eleven parameters:

Coefficients of normal restitution aq1, a2, a9
Coetlicients of tangential restitution (311, (12, (22
Inertia-moment parameters K, Ko

Size ratio 02 /0

Mass ratio meo/m;

Mole fraction nq/(n; + ns)
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Binary mixture

Tfr Té;r Té“ot
rot ’ tr? rot
Tl Tl Tl

Three independent temperature ratios:

Eleven parameters:
e Coeflicients of normal restitution a1 = a9 = a9y = &

e Coefficients of tangential restitution 81 = 812 = P22 =

e Inertia-moment parameters K1 = Ko = %
e Size ratio 02/01 = 2 ‘
e Mass ratio mo/m; = 8 2

e Mole fraction nq/(n1 +n2) = %
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Translational/Rotational

n=n_,m/m=8, c/c=2
2 1 2 1 - 2 1

0.( 0.5
Smooth . Rough
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Rotational/Rotational

n=n_,m/m=8, c/c=2
2 1 2 1 - 2 1

0
0.0 0.5

Smooth
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Translational/Translational

n=n_,m/m=8, c/c=2
2 1 2 1 - 2 1

“Pure” smooth sp
(Garzé&Dufty, 19

Elastic =1

0.0
0.0 0.5 1.( 1. 2.0

Smooth | Rough

“Ghost” effect: A tiny amount of roughness has dramatic effects on the temperature ratio

(enhancement of non-equipartition)
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Binary mixture

Tfr Té;r Té“ot
rot ’ tr? rot
Tl Tl Tl

Three independent temperature ratios:

Eleven parameters:
e Coefficients of normal restitution a1; = a9 = 99 = &
e Coeflicients of tangential restitution 3,1 = 819 = (G99 = 0

e Inertia-moment parameters k1 =0, Ko = %

Wb

. . \
e Size ratio o2/0y = 1 1 \
4

e Mass ratio mo/m; =1

e Mole fraction nl/(?’h + ?’12) — %
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Translational/Translational

n=n,m/m=1,c/c=1,«=0,«=2/3
2 1 2 1 - 2 1 - 1 - 2

heres
0.0 0.5 1. 1. 2.0
Smooth | Rough

“Ghost” effect: A tiny amount of roughness has dramatic effects on the temperature ratio
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Simple application:
White-noise heating (steady state)

Xo (0
— 5 (8VZ) f'z, Vz,wz ZJ‘LJ V27w27t|f‘37f3]

TErglr — TR =

5{01::5501::"':0
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Translational/Rotational

n=n_,m/m=8, c/c=2
2 1 2 1 - 2 1

Weak influence of inelasticity
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Rotational/Rotational

Same qualitative behavior for different inelasticities
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Translational/Translational

n=n_,m/m=8, c/c=2
2 1 2 1 - 2 1

“Pure” smooth sy
(Barrat&Trizac, 2

No “ghost” effect! (steady state)
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Locus of equipartition:
Under which conditions does
equipartition hold?

e Coeflicients of normal restitution a1 = 19 = @99 = «

e Coefficients of tangential restitution 811 = B12 = (B22 =
e Inertia-moment parameters Ky = kKo = K

e Size ratio o1 /02 = free

e Mass ratio my/ms = free

e Mole fraction ny/(ny + n2) = free
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HCS
White noise
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Second condition: — =
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Simple kinetic model for
monodisperse inelastic rough
hard spheres

Three key ingredients we want to keep:

1. (8tTtr) _ _(stthr

coll —

2. (8tTrot) _ _£r0tTr0t

coll

3. [ dvi [ dwividiylvi,wilfi, f;] = HeutPuris/Qisy)

X [dv; [ dw;viJii[vi,wi|fi, [{]

aij =
Bij = —1

\ )
|

Elastic smooth spheres
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O f(r,viw t)+ v -Vf(r,v,w, t)=Jr,v,w,t|f, f]

JIf, [l — —Awo (f — fo)

gtr 8
+5 50 [(v—u)f]+

érot i
2 Ow

(wf)

1+« kK 1+p 164/ 5
AE f— Ttr
5 T1xs 2 0 W 5o VI /m

ml )3/2 [ m(v—u)?  Iw?
exp |—

f{} — (47T2TtrTrot 2Ttr B 2]'rot
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An even simpler version ...

[ 8tftr(r,v,t) + v Vftr(r,v,t) = -1y [ftr(r,v,t) — {'jr(r,v,t)]
tr 8
—0—%8—V (v —u)f"(r,v,1)]

6tTr0t + V- (u Tmt) — _£r0tTrot

Frontiers in Nonequilibrium Physics. Granular Physics, Kyoto, 21 July 2009

41



Application to simple shear flow

y=+L/2

n = const

VI =0




Application to simple shear flow
Translational/Rotational temperature ratio

e k(140

rot-zo —
S T T T % r1-p

Independent of o
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Application to simple shear flow
Shear stress

Scaled thermal rate
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Application to simple shear flow
Anisotropic translational temperatures
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Conclusions and outlook

e Collisional thermal rates obtained for mixtures of
inelastic rough hard spheres.

e Interesting non-equipartition phenomena in the
HCS (“ghost” effect).

e Simulations planned to test the theoretical
predictions.

e Proposal of a simple model kinetic equation for
the single-component case.

e Solution of the above model in the uniform shear
flow. Simulations planned.

e Derivation of the Navier-Stokes constitutive
equations.
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Thanks for your attention!
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