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Hydrodynamic description in Hydrodynamic description in 
normalnormal gasesgases

• Conservation equations (mass, momentum, and energy):

∂tyi(r, t) +∇ · Ji(r, t) = 0

• Constitutive equations:

Hydrodynamic fields Fluxes Closed set 
of equations

Ji(r, t) = Fi[{yj}]
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Hydrodynamic description in Hydrodynamic description in 
normalnormal gasesgases

E.g., Navier-Stokes:

Ji(r, t) = J
le
i (r, t)−

X
λj(r, t)∇yj(r, t)Ji(r, t) Ji (r, t)

X
j

λj(r, t)∇yj(r, t)

… but a hydrodynamic description is not restricted to the Navier-Stokes  
constitutive equations (non-Newtonian behavior, rheological properties, …)

Ji(r, t) = Fi[{yj}]j
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“Aging” to hydrodynamics in “Aging” to hydrodynamics in 
normalnormal gasesgases

t = 0 t ∼ 1 mean free time

Bulk
~ Mean 
free path

Hydrodynamic
description

t À 1 mean

free time
Bulk
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LowLow--density (density (normalnormal) gases: ) gases: 
the Boltzmann equationthe Boltzmann equation

∂tf + v · ∇f = J [f, f ]

f(v, r, 0) = f0(v, r)
boundary conditions

¾
⇒ f(v, r, t) = F [f0;v, r, t]boundary conditions

¾
( ) [ ]

1. Kinetic stage (t ∼ 1 mean free time):

Sensitive to the initial preparation

2. Hydrodynamic stage (tÀ 1 mean free time) ⇒

“Normal” solution: f(v r t) = F [{yi};v]
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Normal solution: f(v, r, t) = F [{yi};v]



Paradigmatic nonequilibrium state:Paradigmatic nonequilibrium state:
Simple or Uniform Shear Flow Simple or Uniform Shear Flow 
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∂ T
2
P ⇒ T (t) t i ll i∂tT = −

3
aPxy ⇒ T (t) monotonically increases

Viscous heating

a
Scaled shear rate: a∗ ≡

a

ν(T (t))
(decreases in time)
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“Aging” to hydrodynamics“Aging” to hydrodynamicsAging  to hydrodynamicsAging  to hydrodynamics

f(v r t) F [f v r t]→ F [{y } v]f(v, r, t) = F [f0;v, r, t]→ F [{yi};v]

USF⇒ f(v, r, t) → n

·
m

2T (t)

¸3/2
f∗ (C(t); a∗(t))

·
2T (t)

¸
C(t) ≡

v − u(r)
C(t) ≡ p

2T (t)/m

Pij(t) = Fij [f0; t]→ nT (t)P ∗ij(a
∗(t))
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η(t) ≡ −
Pxy(t)

a
→

nT (t)

ν(T (t))
η∗(a∗(t))

a ν(T (t))
Scaled shear viscosity

Navier-Stokes DSMC 
simulations

Super-BurnettSuper Burnett

J. Gómez-Ordóñez, J. J. Brey, and A. S., Phys. Rev. A 39, 3038 (1989)
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 Kinetic model (BGK)Kinetic model (BGK)
Navier-Stokes

Super-Burnett

Hydrodynamic curve

A. S. and J. J. Brey, Physica A 174, 355 (1991)
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 Divergence of the ChapmanDivergence of the Chapman--Enskog Enskog 
expansionexpansionexpansionexpansion

,
η
∗ (
a
∗ )

Hydrodynamic curve

2

Hydrodynamic curve

A. S., J. J. Brey, and J. W. Dufty, Phys. Rev. Lett. 56, 1571 (1986)

a∗2,
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“Aging” to hydrodynamics in “Aging” to hydrodynamics in 
granulargranular gases?gases?

 DoesDoes thethe conventionalconventional agingaging scenarioscenario
(short(short kinetickinetic stagestage followedfollowed byby slowslow(( gg yy
hydrodynamichydrodynamic stage)stage) stillstill applyapply toto normalnormal
gasesgases externallyexternally drivendriven (e(e gg byby aagasesgases externallyexternally drivendriven (e(e..gg..,, byby aa
thermostat)?thermostat)?

?? AndAnd toto granulargranular gases?gases?
 EnergyEnergy isis intrinsicallyintrinsically notnot conserved!conserved!gygy yy

∂T (t)

∂t

¯̄̄̄
= −ζ(t)T (t)

Cooling rate
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L. P. Kadanoff, Built upon sand: Theoretical
ideas inspired by granular flows Rev Modideas inspired by granular flows, Rev. Mod.
Phys. 71, 435 (1999):

CC ll t i lt i l bb d ib dd ib d bb CanCan aa granulargranular materialmaterial bebe describeddescribed byby
hydrodynamichydrodynamic equations,equations, mostmost specificallyspecifically thosethose
equationsequations whichwhich applyapply toto anan ordinaryordinary fluid?fluid?equationsequations whichwhich applyapply toto anan ordinaryordinary fluid?fluid?

 ItIt seemsseems toto meme thatthat thethe answeranswer isis ‘‘no!’’‘‘no!’’..
 TheThe studystudy ofof collisionscollisions andand flowflow inin thesetheseTheThe studystudy ofof collisionscollisions andand flowflow inin thesethese

materialsmaterials requiresrequires newnew theoreticaltheoretical ideasideas beyondbeyond
thosethose inin thethe standardstandard statisticalstatistical mechanicsmechanics oror
hydrodynamicshydrodynamicshydrodynamicshydrodynamics..

 OneOne mightmight eveneven saysay thatthat thethe studystudy ofof granulargranular
materialsmaterials givesgives oneone aa chancechance toto reinventreinventmaterialsmaterials givesgives oneone aa chancechance toto reinventreinvent
statisticalstatistical mechanicsmechanics inin aa newnew contextcontext..
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Uniform shear flow of a granular gas

∂ T
2
P ζT ⇒ T (t) h t ti l

Viscous heating

∂tT = −
3
aPxy − ζT ⇒ T (t) reaches a stationary value

Inelastic coolingViscous heating Inelastic cooling

Scaled shear rate: a∗ ≡
a

(T ( ))

Coefficient of restitution: α = const

ν(T (t))
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DSMC simulationsDSMC simulations
α = 0.9, a = 4⇒ T (t) ↑
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SimpleSimple hydrodynamichydrodynamic solutionsolution
ofof aa simplesimple kinetickinetic modelmodel

∂tT = −
2
aP (t)− ζ(T )T∂tT = −

3n
aPxy(t)− ζ(T )T

∂ P aP
1 + α

ν(T )P ζ(T )P∂tPxy = −aPyy −
2

ν(T )Pxy − ζ(T )Pxy

∂ P
1 + α

(T ) (P T ) ζ(T )P∂tPyy = −
2

ν(T ) (Pyy − nT )− ζ(T )Pyy

5 1
ζ(T ) =

5

12
(1− α2)ν(T ), ν(T ) ∝ nT q, q =

1

2
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SimpleSimple hydrodynamichydrodynamic solutionsolution
ofof aa simplesimple kinetickinetic modelmodel
∗( ∗ ) ∗( ∗ 0)

£
1 h( ∗ ) +O( 2)

¤
η∗(a∗,α; q) = η∗(a∗,α; 0)

£
1− h(a∗,α)q +O(q2)

¤
'

η∗(a∗,α; 0)
q

1

1 2

'
1 + h(a∗,α)q

, q =
2

0 8

1.0

1.2
 Numerical solution
 Analytical approximation
 steady state
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scaled shear rate, a*



η∗(a∗,α)
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“Phase“Phase diagram”diagram”:: CompetitionCompetition
betweenbetween inelasticinelastic coolingcooling andandbetweenbetween inelasticinelastic coolingcooling andand
viscousviscous heatingheatinggg
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For each one of the 12 pairs (a*,), 5 different initial conditions



DSMC simulationsDSMC simulations
R l ti t d th t d t t

100 10 0 5 T (t)→ Ts(a,α)

Relaxation toward the steady state

10
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ur
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 T

(t) a=4
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DSMC simulationsDSMC simulations
Unsteady hydrodynamic regime prior to the steady state?
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DSMC simulationsDSMC simulations
Rheological quantities Velocity distribution

kinetic model
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DSMC simulations. DSMC simulations. Steady stateSteady stateyy

 

Rheological quantities Higher velocity moments
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DSMC simulations. DSMC simulations. Steady stateSteady stateyy
Velocity distribution
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ConclusionsConclusions
 TheThe conventionalconventional scenarioscenario ofof agingaging toto hydrodynamicshydrodynamics seemsseems

toto remainremain essentiallyessentially validvalid forfor granulargranular gases,gases, eveneven forfor nonnon--oo e ae a esse a yesse a y a da d oo g a u ag a u a gases,gases, e ee e oo oo
NewtonianNewtonian statesstates andand eveneven whenwhen thethe timetime scalescale associatedassociated
withwith inelasticinelastic coolingcooling isis shortershorter thanthan thethe oneone associatedassociated withwith
thethe irreversibleirreversible fluxesfluxesthethe irreversibleirreversible fluxesfluxes..

 AtAt aa givengiven valuevalue ofof ,, thethe (scaled)(scaled) nonlinearnonlinear shearshear viscosityviscosity
**((aa**)) movesmoves onon aa certaincertain rheologicalrheological curve,curve, thethe steadysteady--statestate

ll  **(( ** )) titi j tj t i ti tvaluevalue 
ss== ((aa**

ss)) representingrepresenting justjust oneone pointpoint..
 AA goodgood agreementagreement isis foundfound byby anan (analytical)(analytical) approximateapproximate

solutionsolution toto aa simplesimple kinetickinetic modelmodel..pp
 TheThe highhigh--velocityvelocity tailtail ofof thethe velocityvelocity distributiondistribution functionfunction isis

consistentconsistent withwith anan exponentialexponential overpopulationoverpopulation..
ThTh ii ilib iilib i dd t tt t titi ff thth tt TheThe mainmain nonequilibriumnonequilibrium andand transporttransport propertiesproperties ofof thethe truetrue
granulargranular gasgas areare satisfactorilysatisfactorily mimickedmimicked byby aa drivendriven gasgas ofof
elasticelastic particlesparticles..
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