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Binary granular mixture
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In general, the lighter
species has a 
smaller temperature
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Formulation of the
problem

Binary mixture of smooth inelastic
hard spheres

Heavy species (H):

Light species (L):

In the homogeneous cooling state,
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Enskog-Boltzmann
equation

Cooling rates Thermalization rates

Rates of change
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“Order” parameter

Scaling solution for long times (HCS):
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Maxwellian approximation

cooling rates thermalization rates

Elastic collisions: Energy equipartition!
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A few representative cases

1. Quasi-elastic cross collisions:

Weak breakdown of energy equipartition “Partitioned” state
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2. Inelastic cross collisions:

Strong breakdown of energy equipartition “Ordered” state

Regardless of the concentrationsî
No Brownian dynamics (xhö0)

No Lorentz gas (xlö0)
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3. Inelastic light-light collisions + 
disparate sizes:

It is a normal state, but the energy is not partitioned

“Mono-energetic H” state
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4. Inelastic heavy-heavy collisions:

Normal state, but again strong breakdown of energy equipartition

“Mono-energetic L” state
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5. Inelastic light-light collisions + 
Brownian limit:

Ordered state, but with a very strong breakdown of energy equipartition

“Super-ordered” state
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Classification of states
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Scaling laws

a1=0ïInelastic heavy-heavy collisions
a1=¶ïElastic heavy-heavy collisions

b=0ïInelastic cross collisions
b=¶ïElastic cross collisions

a2=0ïInelastic light-light collisions + comparable sizes
a2=¶ïElastic light-light collisions
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Phase diagram
(finite concentrations)

Inelastic cross collisions

Mono-energetic L
Partitioned
Mono-energetic H
Ordered
Super-ordered

H

L
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Phase diagram
(finite concentrations)

Weakly quasi-elastic cross collisions

Mono-energetic L
Partitioned
Mono-energetic H
Ordered
Super-ordered

H

L
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Phase diagram
(finite concentrations)

Quasi-elastic cross collisions

Mono-energetic L
Partitioned
Mono-energetic H
Ordered
Super-ordered

H

L
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Phase diagram
(finite concentrations)

Mono-energetic L
Partitioned
Mono-energetic H
Ordered
Super-ordered

Strongly quasi-elastic cross collisions

H

L
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Phase diagram
(Brownian limit)

Inelastic cross collisions

(I)

(II)

Mono-energetic L
Partitioned
Mono-energetic H
Ordered
Super-ordered

L

H

Critical lines
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Critical lines
(Brownian limit)

(I) 

Partitioned

(I)

(II)

Mono-energetic H

ordered

(II)

Partitioned

Mono-energetic H

ordered
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And if the system is heated?
Gaussian thermostat

NESS: ξh= ξl NO CHANGES

White noise

NESS: ξh f = ξl MINOR CHANGES (e.g., No Mono-energetic L state) 
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Conclusions

Depending on the control parameters (coefficients of restitution,  size
ratio, and concentrations), the mean square velocity ratio ‚vh

2Ú/‚vl
2Ú and

the temperature ratio Th/Tl in a free cooling granular mixture exhibit a rich
diversity of scaling behaviors in the disparate-mass limit ml/mhö0, 
ranging from the “mono-energetic L” state (Th/Tlö0) to the “super-
ordered” state (‚vh

2Ú/‚vl
2Úö¶).

If the cross collisions are inelastic (ahl<1), the state is always 
“ordered” (‚vh

2Ú/‚vl
2Ú~1). As a consequence, in this case there is neither 

Brownian dynamics (when xhö0 ) nor Lorentz gas (when xlö0 ). 
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Conclusions
A “partitioned” state (Th/Tl~1) is only possible if the three types of

collisions are sufficiently quasi-elastic.

A “super-ordered” state (‚vh
2Ú/‚vl

2Úö¶) is only possible in the
Brownian limit (when xhö0 ). There is no “mono-energetic L” state in that 
case.

In the Brownian limit, there exist critical lines in the phase diagram
where the state can be partitioned, ordered, or mono-energetic H.

The same scenario as for free cooling mixtures holds essentially in the
heated case, except that the mono-energetic L state disappears.



Analytical and Numerical Methods for Kinetic and 
Hydrodynamic Equations

Barcelona, October 6-9, 2004
24

THANKS!
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